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• Abstract 

, We investigate the dynamics of semigroups generated by a family of polynomial maps on 

the Riemann sphere such that the postcritical set in the complex plane is bounded. The 
Julia set of such a semigroup may not be connected in general. We show that for such a 
polynomial semigroup, if A and B are two connected components of the Julia set, then one 
' of A and B surrounds the other. From this, it is shown that each connected component of 

^ I the Fatou set is either simply or doubly connected. Moreover, we show that the Julia set of 

such a semigroup is uniformly perfect. An upper estimate of the cardinality of the set of all 
connected components of the Julia set of such a semigroup is given. By using this, we give 
a criterion for the Julia set to be connected. Moreover, we show that for any n £ N U {No}, 
there exists a finitely generated polynomial semigroup with bounded planar postcritical set 
such that the cardinality of the set of all connected components of the Julia set is equal to n. 
Many new phenomena of polynomial semigroups that do not occur in the usual dynamics of 
polynomials are found and systematically investigated. 



1 Introduction 



^ . The theory of complex dynamical systems, which has its origin in the important work of Fatou and 

Julia in the 1910s, has been investigated by many people and discussed in depth. In particular, 
since D. Sullivan showed the famous "no wandering domain theorem" using Teichmiiller theory in 
the 1980s, this subject has attracted many researchers from a wide area. For a general reference 
on complex dynamical systems, see Milnor's textbook [TB] or Beardon's textbook [3]. 

There are several areas in which we deal with generalized notions of classical iteration theory 
of rational functions. One of them is the theory of dynamics of rational semigroups (semigroups 
generated by a family of holomorphic maps on the Riemann sphere C), and another one is the 
theory of random dynamics of holomorphic maps on the Riemann sphere. 
In this paper, we will discuss the dynamics of rational semigroups. 

A rational semigroup is a semigroup generated by a family of non-constant rational maps 
on C, where C denotes the Riemann sphere, with the semigroup operation being functional com- 
position ([IS])- A polynomial semigroup is a semigroup generated by a family of non-constant 
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polynomial maps. Research on the dynamics of rational semigroups was initiated by A. Hinkkanen 
and G. J. Martin ( \VS[ 114) ). who were interested in the role of the dynamics of polynomial semi- 
groups while studying various one-complex-dimensional moduli spaces for discrete groups, and by 
F. Ren's group f ^Sl 112) ). who studied such semigroups from the perspective of random dynamical 
systems. Moreover, the research on rational semigroups is related to that on "iterated function 
systems" in fractal geometry. In fact, the Julia set of a rational semigroup generated by a com- 
pact family has " backward self-similarity" (cf. Lemma l3.H l2l) . For other research on rational 
semigroups, see [IHl EQI Ell ill EH [Ml Ell SSI Sg 127^-^40^. 

The research on the dynamics of rational semigroups is also directly related to that on the 
random dynamics of holomorphic maps. The first study in this direction was by Fornaess and 
Sibony ([TO]), and much research has followed. (See [lIlIZlElinilMllMlEZllMlISaSQ].) 

We remark that the complex dynamical systems can be used to describe some mathematical 
models. For example, the behavior of the population of a certain species can be described as the 
dynamical system of a polynomial f{z) = az(l — z) such that / preserves the unit interval and the 
postcritical set in the plane is bounded (cf. [5]). It should also be remarked that according to the 
change of the natural environment, some species have several strategies to survive in the nature. 
From this point of view, it is very important to consider the random dynamics of such polynomials 
(see also Example II. 4|) . For the random dynamics of polynomials on the unit interval, see [26] . 

We shall give some definitions for the dynamics of rational semigroups: 

Definition 1.1 ([El [12]). Let G be a rational semigroup. We set 

F{G) {z e C I G is normal in a neighborhood of z}, and J(G) := C \ F{G). 

F{G) is called the Fatou set of G and J(G) is called the Julia set of G. We let {hi, /12, . . .) denote 
the rational semigroup generated by the family {hi}. The Julia set of the semigroup generated by 
a single map g is denoted by J(.g). 

Definition 1.2. 

1. For each rational map g : C C, we set CV{g) := {all critical values of g : C — > C}. 
Moreover, for each polynomial map g : C — > C, we set CV*{g) :— CV{g) \ {00}. 

2. Let G be a rational semigroup. We set P(G) := UgeG ^^(f) ("^ "^^^^ is called the 
postcritical set of G. Furthermore, for a polynomial semigroup G, we set P*{G) := P{G) \ 
{00}. This is called the planar postcritical set (or finite postcritical set) of G. We say 
that a polynomial semigroup G is postcritically bounded if P*(G) is bounded in C. 

Remark 1.3. Let G be a rational semigroup generated by a family A of rational maps. Then, we 
have that P(G) = UggGu{/d} sdJ^eA CV{h)), where Id denotes the identity map on C, and that 
g{P{G)) C P{G) for each g G G. From this formula, one can figure out how the set P(G) (resp. 
P*(G)) spreads in C (resp. C). In fact, in Section \2M using the above formula, we present a 
way to construct examples of postcritically bounded polynomial semigroups (with some additional 
properties). Moreover, from the above formula, one may, in the finitely generated case, use a 
computer to see if a polynomial semigroup G is postcritically bounded much in the same way as 
one verifies the boundedness of the critical orbit for the maps fc{z) ~ z'^ + c. 

Example 1.4. Let A := {h{z) = cz^il-zf | a, 6 G N, c> 0, c(^)'^(^)'' < 1} and let G be the 
polynomial semigroup generated by A. Since for each h ^ /i([0, 1]) C [0, 1] and GV*(K) C [0, 1], 
it follows that each subsemigroup iJ of G is postcritically bounded. 

Remark 1.5. It is well-known that for a polynomial g with deg((7) > 2, P*{{g)) is bounded in C 
if and only if J{g) is connected ([111 Theorem 9.5]). 
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As mentioned in Remark ll.Si the planar postcritical set is one piece of important information re- 
garding the dynamics of polynomials. Concerning the theory of iteration of quadratic polynomials, 
we have been investigating the famous "Mandelbrot set" . 

When investigating the dynamics of polynomial semigroups, it is natural for us to discuss the 
relationship between the planar postcritical set and the figure of the Julia set. The first question 
in this regard is: 

Question 1.6. Let G be a polynomial semigroup such that each element g G G is of degree at 
least two. Is J(G) necessarily connected when P* (G) is bounded in C? 

The answer is NO. 

Example 1.7 (03). Let G = (z^,^). Then P*(G) = {0} (which is bounded in C) and J(G) 
is disconnected ( J(G) is a Cantor set of round circles). Furthermore, according to [211 Theorem 
2.4.1], it can be shown that a small perturbation H oi G still satisfies that P*{H) is bounded in 
C and that J{H) is disconnected. {J{H) is a Cantor set of quasi-circles with uniform dilatation.) 

Question 1.8. What happens if P*{G) is bounded in C and J(G) is disconnected? 

Problem 1.9. Classify postcritically bounded polynomial semigroups. 

In this paper, we show that if G is a postcritically bounded polynomial semigroup with dis- 
connected Julia set, then oo e F{G) (cf. Theorem 12. 20j fT|). and for any two connected components 
of J(G), one of them surrounds the other. This implies that there exists an intrinsic total order 
" < " (called the "surrounding order") in the space J7g of connected components of J(G), and 
that every connected component of F{G) is either simply or doubly connected (cf. Theorem 12. 7|) . 
Moreover, for such a semigroup G, we show that the interior of "the smallest filled-in Julia set" 
K{G) is not empty, and that there exists a maximal element and a minimal element in the space 
Jg endowed with the order < (cf. Theorem 12.201) . From these results, we obtain the result that 
for a postcritically bounded polynomial semigroup G, the Julia set J(G) is uniformly perfect, even 
if G is not generated by a compact family of polynomials (cf. Theorem 12. 22p . 

Moreover, we utilize Green's functions with pole at infinity to show that for a postcritically 
bounded polynomial semigroup G, the cardinality of the set of all connected components of J(G) 
is less than or equal to that of J{H), where H is the "real affine semigroup" associated with 
G (cf. Theorem I2.12p . From this result, we obtain a sufficient condition for the Julia set of a 
postcritically bounded polynomial semigroup to be connected (cf. Theorem I2.14[) . In particular, 
we show that if a postcritically bounded polynomial semigroup G is generated by a family of 
quadratic polynomials, then J(G) is connected (cf. Theorem I2.15p . The proofs of the results in 
this and the previous paragraphs are not straightforward. In fact, we first prove (1) that for any 
two connected components of J(G) that are included in C, one of them surrounds the other; next, 
using (1) and the theory of Green's functions, we prove (2) that the cardinality of the set of all 
connected components of J(G) is less than or equal to that of J{H), where H is the associated 
real affine semigroup; and finally, using (2) and (1), we prove (3) that oo G F{G), int(i^(G)) ^ 0, 
and other results in the previous paragraph. 

Moreover, we show that for any n G N U {Ho}, there exists a finitely generated, postcritically 
bounded, polynomial semigroup G such that the cardinality of the set of all connected components 
of J(G) is equal to n (cf. Proposition 12.261 Proposition 12.281 and Proposition I2.29p . A sufficient 
condition for the cardinality of the set of all connected components of a Julia set to be equal to Hq is 
also given (cf. Theorem l2.27p . To obtain these results, we use the fact that the map induced by any 
element of a semigroup on the space of connected components of the Julia set preserves the order 
< (cf. Theorem 12. 7|) . Note that this is in contrast to the dynamics of a single rational map /i or a 
non-elementary Kleinian group, where it is known that either the Julia set is connected, or the Julia 
set has uncountably many connected components. Furthermore, in Section 12.61 and Section 12. 4[ 
we provide a way of constructing examples of postcritically bounded polynomial semigroups with 
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some additional properties (disconnectedness of Julia set, semi-hyperbolicity, hyperbolicity, etc.) 
(cf. Proposition l2.40[ Tlieoreni l2.43[ Theorem l2.45p . For example, by Proposition l2.401 there exists 
a 2-generator postcritically bounded polynomial semigroup G = (/ii,/i2) with disconnected Julia 
set such that hi has a Siegel disk. 

As we see in Example 11.41 and Section 12. 6[ it is not difficult to construct many examples, it 
is not difficult to verify the hypothesis "postcritically bounded", and the class of postcritically 
bounded polynomial semigroups is very wide. 

Throughout the paper, we will see many new phenomena in polynomial semigroups that do not 
occur in the usual dynamics of polynomials. Moreover, these new phenomena are systematically 
investigated. 

In Section [21 we present the main results of this paper. We give some tools in Section [3] The 
proofs of the main results are given in Section 21 

There are many applications of the results of postcritically bounded polynomial semigroups in 
many directions. In the sequel [3^, by using the results in this paper, we investigate the fiberwise 
(sequencewise) and random dynamics of polynomials and the Julia sets. We present a sufficient 
condition for a fiberwise Julia set to be of measure zero, a sufficient condition for a fiberwise Julia 
set to be a Jordan curve, a sufficient condition for a fiberwise Julia set to be a quasicircle, and 
a sufficient condition for a fiberwise Julia set to be a Jordan curve which is not a quasicircle. 
Moreover, using uniform fiberwise quasiconformal surgery on a fiber bundle, we show that for a 
G £ Gdis, there exist families of uncountably many mutually disjoint quasicircles with uniform 
dilatation which are parameterized by the Cantor set, densely inside J(G). In the sequel [37) , 
we classify hyperbolic or semi-hyperbolic postcritically bounded compactly generated polynomial 
semigroups, in terms of the random complex dynamics. It is shown that in one of the classes, 
for almost every sequence 7, the Julia set J-y of 7 is a Jordan curve but not a quasicircle, the 
unbounded component of C \ is a John domain, and the bounded component of C \ is not 
a John domain. Moreover, in [37l[36], we find many examples with this phenomenon. Note that 
this phenomenon does not hold in the usual iteration dynamics of a single polynomial map g with 
deg((7) > 2. In the sequel [38l [42], we investigate the Markov process on C associated with the 
random dynamics of polynomials and we consider the probability Too (2) of tending to 00 G C 
starting with the initial value 2 e C. Applying many results of this paper, it will be shown in 
[42] that if the associated polynomial semigroup G is postcritically bounded and the Julia set is 
disconnected, then the function defined on C has many interesting properties which are similar 
to those of the Cantor function. In fact, under certain conditions. Too is continuous on C and varies 
precisely on the Julia set, of which Hausdorff dimension is strictly less than two. (For example, 
if we consider the random dynamics generated by two polynomials hi :— g^,/i2 ■— <?2; where 
gi{z) :— — 1, g2{z) z^/4, then Too is continuous on C and Too varies precisely on the Julia set 
(Figure [1| of the semigroup generated by /ii, See [351 [MjO Such a kind of "singular functions 
on the complex plane" appear very naturally in random dynamics of polynomials, and the results 
of this paper (for example, the results on the space of all connected components of a Julia set) are 
the keys to investigating that. (The above results have been announced in "331 [3^ [35] .) 

Moreover, as illustrated before, it is very important for us to recall that the complex dynamics 
can be applied to describe some mathematical models. For example, the behavior of the population 
of a certain species can be described as the dynamical systems of a polynomial h such that h 
preserves the unit interval and the postcritical set in the plane is bounded. When one considers 
such a model, it is very natural to consider the random dynamics of polynomial with bounded 
postcritical set in the plane (see ExamDle ll.4l) . 

In the sequel 24J, we give some further results on postcritically bounded polynomial semigroups, 
by using many results in this paper and |36 [ I37 | . Moreover, in the sequel [35j . we define a new kind 
of cohomology theory, in order to investigate the action of finitely generated semigroups (iterated 
function systems), and we apply it to the study of the dynamics of postcritically bounded finitely 
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generated polynomial semigroups G. In particular, by using this new cohomology theory, we can 
describe the space J7g of connected components of Julia sets of G, we can give some estimates 
on the cardinality of J7g, and we can give a sufficient condition for the cardinality of the space 
of connected components of the Fatou set of G to be infinity. In [351 HOI EI] ; we investigate the 
random complex dynamics and the dynamics of transition operator, by developing the theory of 
random complex dynamics and that of dynamics of rational semigroups, simultaneously. It is 
shown that regarding the random dynamics of complex polynomials, generically the chaos of the 
averaged system disappears due to the cooperation of the generators, even though each map itself 
in the system has a chaotic part. We call this phenomenon "cooperation principle". Moreover, 
we see that under certain conditions, in the limit state, complex analogues of singular functions 
(continuous functions on C which vary only on the Julia set of associated rational semigroup G) 
naturally appear. The above function Too is a typical example of this complex analogue of singular 
function. 

Acknowledgement: The author thanks R. Stankewitz for many valuable comments. 

2 Main results 

In this section we present the statements of the main results. Throughout this paper, we deal with 
semigroups G that might not be generated by a compact family of polynomials. The proofs are 
given in Section [4l 

2.1 Space of connected components of a Julia set, surrounding order 

We present some results concerning the connected components of the Julia set of a postcritically 
bounded polynomial semigroup. The proofs are given in Section [4.1l 
The following theorem generalizes [47, Theorem 1]. 

Theorem 2.1. Let G be a rational semigroup generated by a family {/iaIasA- Suppose that there 
exists a connected component A of J{G) such that jjA > 1 and IJasA J{^\) C A. Moreover, suppose 
that for any A € A such that h\ is a Mobius transformation of finite order, we have h'^^{A) C A. 
Then, J{G) is connected. 

Definition 2.2. We set Rat : = {/i : C — ?► C | /i is a non-constant rational map} endowed with 
the topology induced by uniform convergence on C with respect to the spherical distance. We set 
Poly :={/i:C-H-C|/iisa non-constant polynomial} endowed with the relative topology from 
Rat. Moreover, we set Polydog>2 {g G Poly | deg((7) > 2} endowed with the relative topology 
from Rat. 

Remark 2.3. Let d > 1, {pn}neN a sequence of polynomials of degree d, and p a polynomial. 
Then, p„ — p in Poly if and only if the coefficients converge appropriately and p is of degree d. 

Definition 2.4. Let Q be the set of all polynomial semigroups G with the following properties: 

• each element of G is of degree at least two, and 

• P*{G) is bounded in C, i.e., G is postcritically bounded. 

Furthermore, we set Qcon = {G G Q \ J{G) is connected} and Qdis — {G G G \ J{G) is disconnected}. 

Notation: For a polynomial semigroup G, we denote by J' = Jg the set of all connected com- 
ponents J of J(G) such that J C C. Moreover, we denote hy J = Jq the set of all connected 
components of J(G). 
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Remark 2.5. If a polynomial semigroup G is generated by a compact set in Polydog>2, then 
oo e F(G) and thus J = J. 

Definition 2.6. For any connected sets Ki and K2 in C, "ifi < ^^2" indicates that Ki = K2, or 
A'l is included in a bounded component of C \ K2. Furthermore, "Ki < K2" indicates Ki < K2 
and Ki ^ K2- Note that "<" is a partial order in the space of all non-empty compact connected 
sets in C. This "<" is called the surrounding order. 

Tiieorem 2.7. Let G ^ Q (possibly generated by a non-compact family). Then we have all of the 
following. 

1. (iJ, <) is totally ordered. 

2. Each connected component of F{G) is either simply or doubly connected. 

3. For any g £ G and any connected component J of J{G), we have that g^^(J) is connected. 
Let g*{J) be the connected component of J{G) containing g^^{J). Lf J G J , then g*{J) G J^. 
IfJi, .he J and Ji < J2, then g-'^{Ji) < 5"^(J2) and g*{Ji) < g*{J2)- 

For the figures of the Julia sets of semigroups G E Qdis , see figure [T] and figure [21 

Figure 1: The Julia set of G = (ffi-ffi)' where .91(2;) := — I, g2{z) ■— G £ Qdis, G is 
hyperbolic, and |J(Jg) > ^o- 




2.2 Upper estimates of ^{J) 

Next, we present some results on the space J and some results on upper estimates of tKi/). The 
proofs are given in Section 14.21 and Section 14.31 

Definition 2.8. 

1. For a polynomial g, we denote by a{g) £ C the coefficient of the highest degree term of g. 

2. We set RA := {ax + b E S.[x] | a, 6 e M,a 7^ 0} endowed with the topology such that, 
ttnX + 6„ — >■ aa; + 6 if and only if a„ — > a and 6„ — > b. The space RA is a semigroup with the 
semigroup operation being functional composition. Any subsemigroup of RA will be called 
a real affine semigroup. We define a map ^ : Poly — > RA as follows: For a polynomial g g 
Poly, we set 'i>{g){x) := deg{g)x + log \a{g)\. 

Moreover, for a polynomial semigroup G, we set ^(G) {^'(.g) | g E G} (c RA). 

3. We set R := R U {±00} endowed with the topology such that {(r, -|-(X)]}reR makes a fun- 
damental neighborhood system of -l-oo, and such that {[— cx), r)}rGK makes a fundamental 
neighborhood system of —00. For a real affine semigroup -ff, we set 

M{H) {x ER\3hE H, h{x) = x, \h'{x)\ > 1} (c M), 

where the closure is taken in the space M. Moreover, we denote hy Mh the set of all connected 
components of M{H). 
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4. We denote by rj : RA — > Poly the natural embedding defined by 77(2: 1-^ ax + b) = {z 1-^ az + b), 
where x g R and z £ C 

5. We define a map 9 : Poly — Poly as follows. For a polynomial g, we set Q{g){z) = a(g)z'^°s(ff). 
Moreover, for a polynomial semigroup G, we set 6(G) := {0(g) | g G G}. 

Remark 2.9. 

1. The map 'I' : Poly — > RA is a semigroup homomorphism. That is, we have ^'(5 o h) — 
'^{g) o '^{h). Hence, for a polynomial semigroup G, the image ^'(G) is a real affine semigroup. 
Similarly, the map B : Poly Poly is a semigroup homomorphism. Hence, for a polynomial 
semigroup G, the image 6(G) is a polynomial semigroup. 

2. The maps ^ : Poly — > RA, 77 : RA — > Poly, and 6 : Poly — ?> Poly are continuous. 

Definition 2.10. For any connected sets Mi and M2 in R, "Mi <r M2" indicates that Mi = M2, 
or each (a;, y) S Mi x Af2 satisfies x < y. Furthermore, "Mi <r M2" indicates Mi <r M2 and 
Ml ^ M2. 

Remark 2.11. The above "<r" is a partial order in the space of non-empty connected subsets of 
M. Moreover, for each real affine semigroup H, {Ain, <r) is totally ordered. 

The following theorem gives us some upper estimates of tt(i7G)- 

Theorem 2.12. 

1. Let G be a polynomial semigroup in Q. Then, we have IKJTg) ^ tt(-'^*(G))- More precisely, 
there exists an injective map ^ : Jq — )■ M.^(q) such that if Ji, J2 € Jg J\ < J2, then 

2- IfGe gd^s, then we have that M{^{G)) C M and M(*(G)) = J{7]{^{G))). 

3. Let G be a polynomial semigroup in Q. Then, ^(JTg) < tt(>^j)(*(G)))- 

Corollary 2.13. Let G be a polynomial semigroup in Q. Then, we have (KJ/g) < tt(j7e(G))- More 
precisely, there exists an injective map 6 : J7g — Je(G) such that if Ji, J2 G J7g and Ji < J2, then 
6(Ji) e JeiG), e(J2) G JeiG), and e(Ji) < e(J2). 

The following three theorems give us sufficient conditions for the Julia set of a G G to be 
connected. 

Theorem 2.14. Let G = {hi, . . . , km) be a finitely generated polynomial semigroup in Q. For 
each j = 1,.. .,m, let Oj be the coefficient of the highest degree term of polynomial hj. Let a :— 
niinj=i,...,„{gj^^^ipj-log|aj|} and (3 := maxj=i,...,^{gj^^^ipj- log ja^ |}. We set {x G M | 

a<x<l3). If [a, (3] C Ujli /?]); then J{G) is connected. 

Theorem 2.15. Let G be a polynomial semigroup in Q generated by a (possibly non-compact) 
family of polynomials of degree two. Then, J{G) is connected. 

Theorem 2.16. Let G be a polynomial semigroup in Q generated by a (possibly non-compact) 
family {/iaIagA of polynomials. Let a\ be the coefficient of the highest degree term of the polynomial 
h\. Suppose that for any A,^ G A, we have {deg{h^) — l)log|aA| ~ {deg{h\) — l)log|a^|. Then, 
J{G) is connected. 

Remark 2.17. In [3S], a new cohomology theory for (backward) self-similar systems (iterated 
function systems) was introduced by the author of this paper. By using this new cohomology 
theory, for a postcritically bounded finitely generated polynomial semigroup G, we can describe 
the space of connected components of G and we can give some estimates on '^{Jg) and ^{M.^(g))- 



Postcritically Bounded Polynomial Semigroups I 



8 



2.3 Properties of J 

In this section, we present some results on J^. The proofs are given in Section [4.31 
Definition 2.18. For a polynomial semigroup G, we set 

K{G) := {z e C I y {g{z)} is bounded in C} 

and call K{G) the smallest filled-in Julia set of G. For a polynomial g, we set K{g) :— K{{g)). 

Notation: For a set A C C, we denote by int(yl) the set of all interior points of A. 

Proposition 2.19. Let G eQ. If U is a connected component of F{G) such that Ur\K{G) ^ 0, 
then U C int{K (G)) and U is simply connected. Furthermore, we have K{G)nF{G) — int(_ftr(G)). 

Notation: For a polynomial semigroup G with oo £ F{G), we denote by Foo{G) the connected 
component of F{G) containing oo. Moreover, for a polynomial g with deg(g) > 2, we set Foa{g) :— 

The following theorem is the key to obtaining further results of postcritically bounded polyno- 
mial semigroups in this paper, and those of related random dynamics of polynomials in the sequel 
[Snilll]. We remark that Theorem d^DHSl generalizes gll Theorem 2]. 

Theorem 2.20. Let G € Gdis (possibly generated by a non-compact family). Then, under the 
above notation, we have the following. 

1. We have that oo £ F{G) (thus J — J) and the connected component Fao{G) of F{G) 
containing oo is simply connected. Furthermore, the element Jmax = >/max(G) G containing 
dFao{G) is the unique element of J satisfying that J < Jmax for each J £ J . 

2. There exists a unique element Jmin = JminiG) S such that Jmin < J for each element 
J £ J. Furthermore, let D be the unbounded component o/C\ Jmin- Then, P*{G) C K(G) C 
C\D and dk{G) C Jmi„. 

3. If G is generated by a family {/iaIagA, then there exist two elements Ai and A2 o/A satisfying: 

(a) there exist two elements Ji and J2 of J with Ji ^ J2 such that J{hx^) C Ji for each 
1 = 1,2; 

(b) J(/iAjn Jmin = 0; 

(c) for each n£Yi, we have h^"{J{hx2)) 1^ Jihx2) = h^"{J{hxJ) H J(/iai) = 0; and 

(d) /lAi has an attracting fixed point zi in C, mt{K{h\-^)) consists of only one immediate 
attracting basin for zi, and K{h\2) C \ni{K{h\-y}. Furthermore, zi £ int{K(h\2)). 

4- For each g £ G with J{g) D Jmin = 0? we have that g has an attracting fixed point Zg in C, 
u\i{K{g)) consists of only one immediate attracting basin for Zg, and Jmin C m.i{K{g)). Note 
that it is not necessarily true that Zg = Zf when g, f £ G are such that J{g) H Jmin = and 
J if) n Jmin = (see Proposition \2.26\) . 

5. We have that mt{K{G)) ^ 0. Moreover, 

(a) C \ Jmin is disconnected, ft J > 2 for each J £ J , and 

(b) for each g £ G with J(g)nJmin = 9, we have that Jmin < .9*(Jmin); .9^^( J(G))n Jmin = 0, 
g{K{G) U Jmin) C int(iir(G')), and the unique attracting fixed point Zg of g in C belongs 
to mt{K{G)). 
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6. Let A be the set of all doubly connected components of F{G). Then, A G C and (A, <) 

is totally ordered. 

We present a result on uniform perfectness of the Julia sets of semigroups in Q. 

Definition 2.21. A compact set K in C is said to be uniformly perfect if jJA' > 2 and there exists 
a constant C > such that each annulus A that separates K satisfies that mod A < C, where 
mod A denotes the modulus of A (See the definition in fT5]). 

Theorem 2.22. 

1. Let G be a polynomial semigroup in Q. Then, J{G) is uniformly perfect. Moreover, if zq G 
J(G) is a superattracting fixed point of an element of G, then zq g int( J(G)). 

2. Lf G eQ and oo e J{G), then G G Gcon and oo G int( J(G)). 

3. Suppose that G G Gdis- Let z\ e JiG) nC be a superattracting fixed point of g €z G. Then 
zi e int(Jmin) and J{g) C Jmin- 

We remark that in [T3], it was shown that there exists a rational semigroup G such that J(G) 
is not uniformly perfect. 

We now present results on the Julia sets of subsemigroups of an element of Qdis- 

Proposition 2.23. Let G E Gdis and let Ji, J2 E J = Jg with Ji < J2- Let Ai be the unbounded 
component of C\ Ji for each i — 1,2. Then, we have the following. 

1. Let Qi ~ {g E G \ 3J G Jjwith Ji < J, J{g) C J} and let Hi be the subsemigroup of G 
generated by Qi. Then J {Hi) C Ji U Ai. 

2. Let Q2 = {.g G G I 3 J G Jjwith J < J2, Jig) C J} and let H2 be the subsemigroup of G 
generated by Q2. Then J{H2) C C \ A2. 

3. Let Q = {g £ G \ 3 J G Jjwith Ji < J < J2, J{g) C J} and let H be the subsemigroup of G 
generated by Q. Then J{H) C Ji U (Ai \ A2). 

Proposition 2.24. Let G be a polynomial semigroup generated by a compact subset T o/Polydcg>2- 
Suppose that G G Gdis- Then, there exists an element hi € T with J (hi) C Jmax and there exists 
an element h2 £ T with J(/i2) C Jmin- 

2.4 Finitely generated polynomial semigroups G E Qdis such that 2 < 

In this section, we present some results on various finitely generated polynomial semigroups G G 
Gdis such that 2 < ^(Jg) < ^o- The proofs are given in Section l44l 

It is well-known that for a rational map g with deg{g) > 2, if J{g) is disconnected, then 
J{g) has uncountably many connected components (See 16]). Moreover, if G is a non-elementary 
Kleinian group with disconnected Julia set (limit set), then J(G) has uncountably many connected 
components. However, for general rational semigroups, we have the following examples. 

Theorem 2.25. Let G be a polynomial semigroup in G generated by a (possibly non-compact) 
family T in Polydcg>2- Suppose that there exist mutually distinct elements Ji, . . . , Jn G J7g such that 
for each h (£ T and each j G {1, . . . , n}, there exists an element k G {1, . . . ,n} with h^^{Jj)C\Jk 7^ 0. 
Then, we have (KJ/g) = n. 

Proposition 2.26. For any n G N with n > 1, there exists a finitely generated polynomial semi- 
group Gn — (hi, ■ . ■ ,h2n) in G satisfying (|(J7g„) = n. In fact, let < e < i and we set for 
each j = l,...,n, aj{z) :— iz"^ and (3j{z) :— i(z — e)^ -I- e. Then, for any sufficiently large 

I G N, there exists an open neighborhood V of {a\, . . . ,al^, f3{, . . . , (3!^) in (Poly)^" such that for 
any (hi, . . . , h2n) G V , the semigroup G — {hi, . . . , /i2n) satisfies that G £ G and ([(JTg) — n. 
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Theorem 2.27. Let G = {hi, . . . , hm) S Gms be a polynomial semigroup with m > 3. Suppose that 
there exists an element Jq £ such that UjLi ^i^j) C Jq, and such that for each j — l,...,rn— 1, 
we have h~^{J{hm)) n Jq 7^ 0. Then, we have all of the following. 

3. If Jo = Jmin, then Jniax = J (hm) , J (G) = Jme,K^[jnGNU{0}(^rn)~" (Jmin) , and for any J £ J 

with J Jmaxj there exists no sequence {CjjjgN of mutually distinct elements of J such 
that min^gc"^. d(z, J) — > as j ^ 00. 

4. If Jn = Jma.K, then Jmin = J {hm) , J {G) = Jmin U lJ„gpj^j|oj (/i„i) ( J„iax) , and for any J £ J 
with J 7^ Jmin7 there exists no sequence \C]\j&i of mutually distinct elements of such that 
mhizeCj d{z, J) — )■ as j 00. 

Proposition 2.28. There exists an open set V in (Polydeg>2)^ such that for any {hi, h2, h^) € V , 
G = {hi,h2,hj) satisfies that G £ Gdrs, [fj=iJ{hj) C Jmin(G), Jmax(G) = J{h3), hj\j{h3)) n 
Jmin(G) ^ for each j = 1, 2, and tt( Jg) = ^o- 

Proposition 2.29. There exists a 3- generator polynomial semigroup G = (/ii, /12, /13) in Qdis such 
that[j^^^{hjY'^{Jn^^^{G)) C Jmin(G), JmaAG) = J {hs) , tJ( Jg) = ^0, there exists a superattracting 
fixed point zq of some element of G with zq G J{G), and int( Jniin(G)) 0. 

As mentioned before, these results illustrate new phenomena which can hold in the rational 
semigroups, but cannot hold in the dynamics of a single rational map or Kleinian groups. 

For the figure of the Julia set of a 3-generator polynomial semigroup G € Gdis such that 
HJg =Ho, see figure H 

Figure 2: The Julia set of a 3-generator hyperbolic polynomial semigroup G G Gdis such that 
UJg) = Ho. 




Remark 2.30. In a new cohomology theory for (backward) self-similar systems (iterated 
function systems) was introduced by the author of this paper. By using it, for a finitely generated 
G g C/, we can describe the space J7g of connected components of J(G), and we can give some 
estimates on IKJTg)- Moreover, by using this new cohomology, a sufficient condition for the cardi- 
nality of the set of all connected components of the Fatou set of a postcritically bounded finitely 
generated polynomial semigroup G to be infinity was given. 

2.5 Hyperbolicity and semi-hyperbolicity 

In this section, we present some results on hyperbolicity and semi-hyperbolicity. 

Definition 2.31. Let G be a polynomial semigroup generated by a subset F of Polydcg>2- Suppose 
G € Gdis- Then we set Fmin ■= {h £ T \ J{h) C Jmin}, where Jmin denotes the unique minimal 
element in {J, <) in Theorem 12. 20l l2l Furthermore, if Fmin 7^ 0, let Gmin.r be the subsemigroup 
of G that is generated by Fmin- 
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Remark 2.32. Let G be a polynomial semigroup generated by a compact subset F of Polydcg>2- 
Suppose G e Gdis- Then, by Proposition l2.24[ we have Fniin ^ and r\ T^i^ ^ 0. Moreover, Fniin 
is a compact subset of F. For, if {/i„}„gN C Fmin and /i„ — > hoo in F, then for a repelling periodic 
point zo G J{hoo) of hoo, we have that d{zQ, J{hn)) — as n — oo, which implies that zq G Jmin 
and thus hoo G Fmin- 

The following Proposition 12.331 means that for a polynomial semigroup G G Qdis generated by 
a compact subset F of Polydcg>2, we rarely have the situation that "F \ Fmin is not compact." 

Proposition 2.33. Let G be a polynomial semigroup generated by a non-empty compact subset F 
o/Polydog>2- Suppose that G G Gdis and that F \ Fmin is not compact. Then, both of the following 
statements]^ and\^ hold. 

1. Let h £ Fmin- Then, J{h) = J^^i^iG) , K (h) — K{G), and mt(K (h)) is a non-empty connected 
set. 

2. Either 

(a) for each h G Fmin, h is hyperbolic and J{h) is a quasicircle; or 

(b) for each h G Fminj vni{K{h)) is an immediate parabolic basin of a parabolic fixed point 
ofh. 

Definition 2.34. Let G be a rational semigroup. 

1. We say that G is hyperbohc if P{G) C F{G). 

2. We say that G is semi-hyperbolic if there exists a number (5 > and a number A'' G N such 
that for each y G J(G) and each g G G,we have deg(5 : V —>■ B{y, 5)) < N for each connected 
component V of g~^{B{y,S)), where B{y,5) denotes the ball of radius 5 with center y with 
respect to the spherical distance, and deg((7 :•—;►•) denotes the degree of a finite branched 
covering. 

Remark 2.35. There are many nice properties of hyperbolic or semi-hyperbolic rational semi- 
groups. For example, for a finitely generated semi-hyperbolic rational semigroup G , there exists 
an attractor in the Fatou set ([371 130]), and the Hausdorff dimension dim//(J(G)) of the Julia 
set is less than or equal to the critical exponent s(G) of the Poincare series of G dSO])- If we 
assume further the "open set condition", then dimj:/( J(G)) — s{G) (|32j|45]). Moreover, if G E G 
is generated by a compact set F and if G is semi-hyperbolic, then for each sequence 7 G F^, the 
basin of infinity for 7 is a John domain and the Julia set of 7 is locally connected ([30]). In [37], by 
using the above result, we classify hyperbolic or semi-hyperbolic postcritically bounded compactly 
generated polynomial semigroups, in terms of the random complex dynamics. It is shown that in 
one of the classes, for almost every sequence 7, the Julia set of 7 is a Jordan curve but not a 
quasicircle, the unbounded component of C \ J-y is a John domain, and the bounded component of 
C \ is not a John domain. Moreover, in [37\ 136]. we find many examples with this phenomenon. 
Note that this phenomenon does not hold in the usual iteration dynamics of a single polynomial 
map g with deg{g) > 2. 

We now present some results on semi- hyperbolic or hyperbolic polynomial semigroups in Gdis- 
These results are used to construct examples of semi-hyperbolic or hyperbolic polynomial semi- 
groups G G Gdis (see the proof of Proposition 12 .40p . Therefore these are important in terms of the 
sequel [Ml El]. 

Theorem 2.36. Let G be a polynomial semigroup generated by a non-empty compact subset F of 
Polydeg>2- Suppose that G G Gdis- If Gaihi,r is semi-hyperbolic, then G is semi-hyperbolic. 
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Theorem 2.37. Let G be a polynomial semigroup generated by a non-empty compact subset T of 
Polydog>2- Suppose that G G Qdts- U G^^i^x is hyperbolic and (U/ier\r„,i„ CV*{h)) n Jmin(G) = 0, 
then G is hyperbolic. 

Remark 2.38. In gl], it will be shown that in Theorem the condition (U/ier\r„i„ CV*{h))n 
Jmin{G) = is necessary. For the figures of the Julia sets of hyperbolic polynomial semigroups 
G e Gdis , see figure [T] and figure [5] 

Proposition 2.39. Let G he a polynomial semigroup generated by a non-empty compact subset T 
o/ Polydog>2- Suppose that G € Gdis and that T \ r,„in is not compact. Suppose that statement \2a\ 
in Theorem \2.33\ holds. Then, both of the following statements hold. 

1. We have that Gmin.r is hyperbolic and G is semi-hyperbolic. 

2. Suppose further that (Uher\r„i„ CV*{h)) n Jmin(G) = 0. Then G is hyperbolic. 

2.6 Construction of examples 

In this section, we present a way to construct examples of semigroups G in Qdis (with some 
additional properties) . These examples are important in terms of the sequel j361 137) . 

Proposition 2.40. Let G be a polynomial semigroup generated by a compact subset T o/Polydog>2- 
Suppose that G £ Q and mi{K{G)) 7^ 0. Let b e int(_R'(G')). Moreover, let d Cz N be any positive 
integer such that d > 2, and such that (d, deg(/i)) 7^ (2,2) for each h Cz T. Then, there exists a 
number c > such that for each a € C with < |a| < c, there exists a compact neighborhood 
V of ga{z) — a{z — b)'^ -\- b in Polydcg>2 satisfying that for any non-empty subset V' of V, the 
polynomial semigroup -ffr.v generated by the family T (J V belongs to Gdis, K{Hr.V') — K{G) 
and (ruT^'),nin C F. Moreover, in addition to the assumption above, if G is semi-hyperbolic (resp. 
hyperbolic), then the above Hy.v is semi-hyperbolic (resp. hyperbolic). 

Remark 2.41. By Proposition l2.40[ there exists a 2-generator polynomial semigroup G ~ {hi, ^,2) 
in Gdis such that hi has a Siegel disk. 

Definition 2.42. Let d e N with d > 2. We set yd := {h e Poly | deg(/i) = d} endowed with the 
relative topology from Poly. 

Theorem 2.43. Let m > 2 and let d2, . . . ,d„i E N be such that dj > 2 for each j — 2, . . . ,m. Let 

hi € ydi with int{I'C{hi)) 7^ 6e such that (hi) G G- Let 62, ^3, ■ • • , bm G int{K(hi)). Then, both of 
the following statements hold. 

1. Suppose that (hi) is semi-hyperbolic (resp. hyperbolic). Then, there exists a number c > 
such that for each (02, 03, ... , a,„) G C"^^^ with < \aj\ < c (j — 2, . . . ,m), setting hj{z) — 
aj{z — bj)'^^ + hj (j = 2, . . . ,m), the polynomial semigroup G ~ {hi, . . . , h„i) satisfies that 
G G , LC{G) — K{hi) and G is semi-hyperbolic (resp. hyperbolic). 

2. Suppose that (hi) is semi-hyperbolic (resp. hyperbolic). Suppose also that either (i) there 
exists a j > 2 with dj > 3, or (ii) deg(/ii) = 3, 62 = ' ' ' = ^m- Then, there exist 
02, 03, . . . , a„i > such that setting hj{z) = aj{z — hj)'^^ + hj (j = 2, . . . ,m), the poly- 
nomial semigroup G = {hi,h2, . . . ,hm) satisfies that G G Gdis, K{G) ~ K{hi) and G is 
semi-hyperbolic (resp. hyperbolic). 

Definition 2.44. Let m G N. We set 



• U 



■m 



{{hi,..., 



hm) e (Polydcg>2)™ I {hi, hm) IS hyperbolic}, 
h„,) G (Polydeg>2)" I {hi, h„,) G G), and 



• Br,i := {{hi, . . . 
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• T>,n ■■= {{hi, . . . , h,n) e (Polydcg>2)'" I J{{hi, • ■ • , h„i)) is disconnected}. 
Moreover, let tti : (Polyd(,g>2)'" ^ Pc)lydog>2 t>e the projection defined by 7r(/ii, . . . , hm) = hi. 
Theorem 2.45. Under the above notation, all of the following statements hold. 

are open m (Polydcg>2)™- 

2. Let di, . . . , dm G N &e such that dj > 2 for each j — 1, . . . ,m. 

Then, tti : Hm, H Bm H (J^^i x • • • x yd„J "Hi n Si n J^^i is surjective. 

3. Let di, . . . , dm G N &e such that dj > 2 for each j — 1, . . . ,m and such that (di, . . . , dm) 7^ 
(2, 2, . . . , 2). Then, tti : Hm f] BmCiVm n {yd, x • • • x y^^) -^-HinBiD yd, is surjective. 

Remark 2.46. Combining Proposition 12.401 Theorem 12.431 and Theorem 12.451 we can construct 
many examples of semigroups G inQ (or Qdis) with some additional properties (semi-hyperbolicity, 
hyperbolicity, etc.). 

3 Tools 

To show the main results, we need some tools in this section. 

3.1 Fundamental properties of rational semigroups 

Notation: For a rational semigroup G, we set E{G) := {z E C \ tJ(UgeG °°}- This is 

called the exceptional set of G. 

The following Lemma [3. II and Theorem 13 . 2 1 will be used in the proofs of the main results. 
Lemma 3.1 ( 1131 [T^l ) • Let G be a rational semigroup. 

1. For each h G G, we have h{F{G)) C F{G) and h^'^{J{G)) C J(G). Note that we do not 
have that the equality holds in general. 

2. If G = {hi,...,hm), then J{G) = h-^{J{G)) U ••• U h-^^{J{G)). More generally, if G is 
generated by a compact subset T of Hat, then J{G) — U/ier ^^^(•^i^))- call this property 
of the Julia set of a compactly generated rational semigroup "backward self-similarity. " ) 

3. If'^{J{G)) > 3 , then J{G) is a perfect set. 
I Ifi{J{G))>S , then^{E{G))<2. 

5. If a point z is not in E{G), then J{G) C UgGG particular if a point z belongs 
to J(G)\E{G), then Ugec 5-^14) = ^(G). 

6. If tl(J(G)) > 3 , then J{G) is the smallest closed backward invariant set containing at 
least three points. Here we say that a set A is backward invariant under G if for each 
g e G, g-^{A) c A. 

Theorem 3.2 ( [13l [H [29] ) . Let G be a rational semigroup. Ifi{J{G)) > 3, then 

J{G) = {z e C I 3(7 S G, g{z) = z, \m{g,z)\ > 1}, where m{g,z) denotes the multiplier of g at z 
(m)- In particular, J{G) = X^^^^). 

Remark 3.3. If a rational semigroup G contains an element g with deg{g) > 2, then ^{J{g)) > 3, 
which implies that tt(J(G)) > 3. 

Lemma 3.4. Let G = (/ii,/i2) G G- Then, h^^{J{h2)) is connected. 
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Proof. Since h2 € G G G, Fao{h2) is simply connected. Since G G G, there exists no finite critical 
value of hi in Fao{h2)- By the Riemann-Hurwitz formula, it follows that /ij~^(-F'oo (^2)) is connected 
and simply connected. Thus 9(/i^^(Foo(ft.2))) = h'^^{J{h2)) is connected. □ 

Definition 3.5. Let G be a polynomial semigroup. Let p e C and e > 0. We set 

^G,p,e '■= {a : D{p, e) ^ C I a is a well-defined branch of g^^, g € G}. 

Lemma 3.6. Let T be a non-empty compact subset o/Polydcg>2 o,nd let G be a polynomial semi- 
group generated by F. Let i? > 0, e > 0, and 

T := {ao/S : £'(0,1) ^ C | /3 : £'(0,1) ^ D{p,e), a : D{p,e) ^ C, a G J"G,p,e, P e D{0,R)}. 
Then, J- is normal in D{0,1). 

Proof. Since F is a non-empty compact subset of Polydog>2 7 there exists a ball B around 00 with 
B C C\D{0, R+e) such that for each /i e F, h{B) C B. Let p e D{0, R). Then, for each a e J"G,p,e, 
a{D{p, e)) C C \ B. Hence, J" is normal in D{0, 1). □ 

3.2 A lemma from general topology 

Lemma 3.7 ([17p. Let X be a compact metric space and let f : X ^ X be a continuous open 
map. Let A be a compact connected subset of X. Then for each connected component B of f^^{A), 
we have f{B) — A. 

4 Proofs of the main results 

In this section, we demonstrate the main results. 

4.1 Proofs of results in 12.11 

In this section, we demonstrate the results in 12.11 

Proof of Theorem I2.lt First, we show the following: 
Claim: For any A e A, h'^^{A) C A. 

To show the claim, let A g A with J{hx) ^ and let -B be a connected component of h^^{A). 
Then by Lemma [37fl h\[B) = A. Combining this with h^^{J{hx)) = J{h\), we obtain Bf]J{h\) ^ 
0. Hence B C A. This means that h^'^{A) C A for each A e A with J{hx) 7^ 0. Next, let A e A 
with J{h\) — 0. Then hx is either identity or an elliptic Mobius transformation. By hypothesis 
and Lemma ISTl lTl we obtain ft,^^(A) C A. Hence, we have shown the claim. 

Combining the above claim with jJA > 3, by Lemma [3Tl l6lwe obtain J(G) C A. Hence J(G) = A 
and J(G) is connected. □ 

Notation: We denote by d the spherical distance on C. Given A C C and 2; e C, we set d{z, A) := 
ini{d{z,w) \ w e A}. Given Act and e > 0, we set B{A,e) := {a <E C \ d{a,A) < e}. 
Furthermore, given A C C, z E C, and e > 0, we set de{z,A) := inf{|z — w\ \ w E A} and 
D{A, e) := {a e C I 4(a, A) < e}. 

We need the following lemmas to prove the main results. 

Lemma 4.1. Let G d G and let J be a connected component of J{G), zq E J a point, and {gn}neK 
a sequence in G such that d{zo, J{gn)) — >■ as n ^ 00. Then sup d{z, J) — >■ as n ^ 00. 

Proof. Suppose there exists a connected component J' of J(G) with J' ^ 3 and a subsequence 
{SnjIjeN of {(7„}„gN such that min d{z,J') — as — )• 00. Since J{gnj) is compact and 
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connected for each j, we may assume, passing to a subsequence, that there exists a non-empty 
compact connected subset K oi C such that J{gnj) K as j oo, with respect to the Hausdorff 
metric. Then K Ci J ^ ^ and K Ci J' ^ 9. Since K C J{G) and K is connected, it contradicts 
J' ^ J. □ 

Lemma 4.2. Let G & Q. Then given J £ J and e > 0, there exists an element g € G such that 
J(.g) cS(J,e). 

Proof. We take a point z d J. Then, by Theorem 13.21 there exists a sequence {gn}neN in G such 
that d{z, J{gn)) — >■ as n — )■ oo. By Lemma HTTl we conclude that there exists an n S N such that 
J(<?„) C B(J,e). □ 

Lemma 4.3. LetG he a polynomial semigroup. Suppose thatJ{G) is disconnected, and oo G J[G). 
Then, the connected component A of J{G) containing oo is equal to {oo}. 

Proof By Lemma [3Jl we obtain g~^{A) C A for each g e G. Hence, if ^A > 3, then J{G) C A, 
by Lemma [OM l Then J(G) = A and it causes a contradiction, since J(G') is disconnected. □ 

We now demonstrate Theorem 12. 71 
Proof of Theorem [277) First, we show statement [TJ Suppose the statement is false. Then, there 
exist elements Ji , J2 & J such that J2 is included in the unbounded component A\ of C \ Ji , and 
such that Ji is included in the unbounded component Ai of C \ J2. Then we can find an e > 
such that B{Ji,t) is included in the unbounded component of C \ B{J\,e), and such that B{Ji,e) 
is included in the unbounded component of C \ B{J2, e). By Lemma \4.2\ for each i = 1,2, there 
exists an element gi & G such that J{gi) C B[Ji,e). This implies that J{gi) C A'2 and J{g2) C A'^, 
where A[ denotes the unbounded component of C \ J{gi). Hence we obtain K{g2) C A'^. Let v be 
a critical value of 52 in C. Since P*{G) is bounded in C, we have v G K{g2). It implies v A\. 
Hence g\{v) — >■ 00 as / — >■ 00. However, this implies a contradiction since P*{G) is bounded in C. 
Hence we have shown statement [TJ 

Next, we show statement [2] Let Fi be a connected component of F{G). Suppose that there 
exist three connected components Ji, J2 and J3 of J(G) such that they are mutually disjoint and 
such that dFi n Ji ^ for each z = 1, 2, 3. Then, by statement [TJ we may assume that we have 
either (1): Ji £ J for each j = 1, 2, 3 and Ji < J2 < J3, or (2): Ji, J2 £ J , J\ < J2, and 00 G J3. 
Each of these cases implies that Ji is included in a bounded component of C \ J2 and J3 is included 
in the unbounded component of C \ J2. However, it causes a contradiction, since dF\ n Ji 7^ for 
each i ~ 1,2,3. Hence, we have shown that we have either 
Case I: tt{ J : component of J(G) | ^Fi n J ^ 0} = 1 or 
Case II: %{J : component of J(G) | 9Fi n J 7^ 0} = 2. 

Suppose that we have Case I. Let J\ be the connected component of J(G) such that dF\ C J\. 
Let D\ be the connected component of C\ Ji containing F\. Since dF\ C Ji, we have dF\^D\ — 0. 
Hence, we have Fi = F>\. Therefore, F\ is simply connected. 

Suppose that we have Case II. Let J\ and J2 be the two connected components of J(G) such 
that Ji ^ J2 and dFi C Ji U J2. Let D be the connected component of C \ ( Ji U J2) containing 
Fi. Since dFi C Ji U J2, we have dFi = 0. Hence, we have Fi = D. Therefore, Fi is doubly 
connected. Thus, we have shown statement [21 

We now show statement [31 Let 17 G G be an element and J a connected component of J(G). 
Suppose that g~^{J) is disconnected. Then, by Lemma 13.71 there exist at most finitely many 
connected components Ci, . . . , G^ of g~^{J) with r > 2. Then there exists a positive number e such 
that denoting by Bj the connected component of g~^{B[J, e)) containing Cj for each j = \, . . . ,r, 
{Bj} are mutually disjoint. By Lemma 13.71 "we see that, for each connected component B of 
g~\B{J, e)), g{B) = B(J, e) and BOGj^% for some 3. Hence we get that g~^{B{J, e)) = Uj=i Bj 
(disjoint union) and g{Bj) = B{J,e) for each j. By Lemma [4.2[ there exists an element h G G 
such that J{h) C B{J, e). Then it follows that g^^{J{h)) C\Bj ^$ for each j = 1,.. .,r. Moreover, 
we have g^^{J{h)) C g^^{B{J,e)) = Uf=i^i- Cn the other hand, by Lemma [3.41 we have that 
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g~^{J{h)) is connected. This is a contradiction. Hence, we have shown that, for each g € G and 
each connected component J of J{G), g~^{J) is connected. 

By Lemma we get that if J € J^, then g* (J) e J'. Let Ji and J2 be two elements of J' such 
that Ji < J2. Let t/i be the unbounded component of C \ Ji, for each i = 1,2. Then 1/2 C Ui. Let 
(? G G be an element. Then g~'^{U2) C (7~^(C/i). Since g~'^{Ui) is the unbounded connected com- 
ponent of C\ g~^{Ji) for each i = 1,2, it follows that g'^{Ji) < g^^{J2)- Hence g*{Ji) < g*{J2), 
otherwise g*{J2) < 9*{Ji), and it contradicts g~^{Ji) < g~^{J2). □ 



4.2 Proofs of results in 12.21 

In this section, we prove the results in Section 12.21 except Theorem I2.12j |^ and Theorem 12.121 151 
which will be proved in Section [4.31 

To demonstrate Theorem 12. 121 we need the following lemmas. 

Lemma 4.4. Let G be a polynomial semigroup in Qdis- Let Ji, J2 G he two elements with 
Ji ^ J2 . Then, we have the following. 

1. // Ji, J2 G J and Ji < J2, then there exists a doubly connected component A of F{G) such 
that Ji < A< J2. 

2. If 00 £ J2, then there exists a doubly connected component A of F{G) such that Ji < A. 

Proof. First, we show statement[TJ Suppose that Ji,J2 £ J and Ji < J2. We set B = [J j^j J. 
Then, _B is a closed disconnected set. Hence, there exists a multiply connected component A' of 
C\B. Since A' is multiply connected, we have that A' is included in the unbounded component of 
C\ Ji, and that A' is included in a bounded component of C\ J2- This implies that A'r)J{G) — 0. Let 
A be the connected component of F{G) such that A' c A. Since B c J{G), we have F{G) c C\ S. 
Hence, A must be equal to A' . Since A' is multiply connected. Theorem 12 . 71 l2l implies that A ~ A' 
is doubly connected. Let J be the connected component J{G) such that J < A and J D OA 7^ 0. 
Then, since A' — A is included in the unbounded component of C \ Ji , we have that J does not 
meet any bounded component of C \ Ji. Hence, we obtain Ji < J, which implies that Ji < J < A. 
Therefore, A is a doubly connected component of F{G) such that Ji < A < J2. Hence, we have 
shown statement [TJ 

Next, we show statement [2l Suppose that 00 e J2. We set B = (U,/ej ji<,/ J) ^ J2- Then, B 
is a disconnected closed set. Hence, there exists a multiply connected component A' oi C \ B. By 
the same method as that of proof of statement [U we see that A' is equal to a doubly connected 
component A of F{G) such that Ji < A. Hence, we have shown statement [21 □ 

Lemma 4.5. Let Hq be a real affine semigroup generated by a compact set C in RA. Suppose that 
each element h £ C is of the form h(x) = hi(h)x + 62(^)1 where bi{h),b2{h) € K, l^i(^)l > 1- 
Then, for any subsemigroup H of Hq, we have M{H) = J{rj{H)) C M. 

Proof. From the assumption, there exists a number R > such that for each h £ C, ri(h) {B{oo, R)) C 
B{qo,R). Hence, we have B{oo,R) C F{rj{H)), which implies that J{rj{H)) is a bounded subset 
of C. We consider the following cases: 
Case 1: ^{J{r^{H))) > 3. 
Case 2: i{J{Tj{H))) < 2. 

Suppose that we have case 1. Then, from Theorem 13.21 it follows that M(H) — J{rj{H)) C M. 

Suppose that we have case 2. Let h{h) be the unique fixed point of /i G in M. From the 
hypothesis, we have that for each h £ H, b{h) £ J{rj{H)). Since we assume 'if,[J {r}{H))) < 2, 
Lemma [3. ll lTl implies that there exists a point & e R such that for each h £ H, we have b{h) = b. 
Then any element h £ H is of the form h{x) — ci{h){x — b) + C2{h), where Ci{h), C2{h) £ M, |ci(/i)| > 
1. Hence, M{H) ~ {6} C J{rj{H)). Suppose that there exists a point c in J{ri{H)) \ {6}. Since 
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J{ri{H)) is a bounded set of C, and since we have {J {rj{H))) C J{r]{H)) for each h G H 
fLemnia l3.1l fT|). we get that h~^{c) € J{r]{H))\{{b}U{c}), for each element h £ H. This imphes that 
^{J{r]{H))) > 3, which is a contradiction. Hence, we must have that J{r]{H)) = {b} = M{H). □ 

We need the notion of Green's functions, in order to demonstrate Theorem 12.121 

Definition 4.6. Let I? be a domain in C with oo E D. We denote by f{D, z) Green's function on 
D with pole at oo. By definition, this is the unique function on Z) H C with the properties: 

1. </5(-D, z) is harmonic and positive in H C; 

2. Lp{D, z) — log \z\ is bounded in a neighborhood of oo] and 

3. there exists a Borel subset A of dD such that the logarithmic capacity of [dD) \ A \s zero 
and such that for each C G A, we have ^p{D, z) -> as z — > 

Remark 4.7. 

1. The limit lim {(p{D, z) — log \z\) exists and this is called Robin's constant of D. 

2. If _D is a simply connected domain with oo G D, then we have i^{D, z) = — log where 
■0 : -D {z € C I l^l < 1} denotes a biholomorphic map with ip{Qo) = 0. 

3. It is well-known that for any g e Polydog>2i 

(f{F^{9),z) = log \z\+ Z -log|a(g)| +o(l) as z ^ oo. (1) 

deg(5) - 1 

(See [551 pl47].) Note that the point — ^^g(^g^_i log 1^(^)1 G K is the unique fixed point of 
^{g) in R. 

Lemma 4.8. Let Ki and K2 be two non-empty connected compact sets in C such that Ki < K2 
and jjifi ^ 1. Let Ai denote the unbounded component of €l\ Ki, for each i = 1,2. Then, we have 
lim^^oo(log |z| - ip{Ai,z)) < lim2^oo(log |z| - ip{A2,z)). 

Proof. The function (f>{z) :— ip{A2,z) — ip{Ai,z) = (log|z| — (p{Ai,z)) — (log|z| — (p{A2,z)) is 
harmonic on A2 nC. This is bounded around 00. Hence extends to a harmonic function on A2. 
Moreover, since Ki < L^2, we have limsup^_^g^2 'Pi^) < 0. From the maximum principle, it follows 
that 0(00) < 0. Therefore, the statement of our lemma holds. □ 

In order to demonstrate Theorem 12.121 11] we will prove the following lemma. (Theorem 12.1 2l l2l 
and Theorem 12.1 2l l3l will be proved in Section 14731 ) 

Lemma 4.9. Let G be a polynomial semigroup in Q. Then, there exists an injective map ^ : J7g 
•^*(G) such that: 

1. if Ji,J2 G Jg and Ji < J2, then *(Ji) <r ^{J2); 

2. if J € Jg ond 00 G J, then +00 G ^'(t/); a,nd 

3. ifJe Jg, then ^( J) C R \ {+00}. 
Proof. Wc first show the following claim. 

Claim 1: In addition to the assumption of Lemma [4.91 if we have 00 G F{G), then M(5'(G)) C 
R\{+oo}. 

To show this claim, let i? > be a number such that J{G) C D{0,R). Then, for any g E G, 
we have K{g) < dD{Q,R). By Lemma [4.81 we get that there exists a constant C > such that 
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for each g € G, dcgig)_i log \a{g)\ < C. Hence, it follows that M(*(G)) C [-00, C]. Therefore, we 
have shown Claim 1. 

We now prove the statement of the lemma in the case G E Gcon- If 00 G F{G), then claim 
1 implies that M(\E'(G)) C K. \ {+00} and the statement of the lemma holds. We now suppose 
00 £ J{G). We put Lg := max^gjjg) \z\ for each g € G. Moreover, for each non-empty compact 
subset E of C, we denote by Cap (E) the logarithmic capacity of E. We remark that Cap(i?) = 
exp(lim2_i.oo(log \z\ — ip{DE, z))), where De denotes the connected component of C \ -B containing 
00. We may assume that G P*{G). Then, by we have Cap(J(g)) > Cap ([0,ig]) > Lg/4 
for each g G G. Combining this with cxd G J{G), Theorem 13.21 and Remark I4.7l l3l we obtain 
+00 G M^(G') and defining \I'(J(G)) to be the connected component of A^*(g) containing +00, 
the statement of the lemma holds. 

We now prove the statement of the lemma in the case G G Gdis- Let {JaIasA be the set J7g of 
all connected components of J{G). By Lemma l42l for each A G A and each n G N, there exists an 
element gA,n S G such that 

J{gx,n) C B{Jx, -). (2) 
n 

We have that the fixed point of vE'((7a,ti) in M is equal to dcg(gl^ )-i k(5A,ri)l- We may assume 

that dcg(g^^ )-i ["^(ffA,")! ~> cka as n — >■ 00, where ax is an element of M. For each A G A, let 

Bx G A^*(G) be the element with ax G Bx- Let '^{Jx) ~ Bx for each A G A. We will show the 
following claim. 

Claim 2: If A, ^ are two elements in A with A 7^ ^, then Bx 7^ B^. Moreover, if Jx, G J7g and 
Ja < Jf, then Bx <r B^. Furthermore, if G J7g with 00 G J5, then +00 G B^. 

To show this claim, let A and ^ be two elements in A with A 7^ ^. We have the following two 
cases: 

Case 1: Jx,J^ & Jg and Jx < J^- 

Case 2: Jx G Jg and 00 G Jj. (Note: in this case, by Lemma l4?3l we have = {oo}-) 

Suppose that we have case 1. By Lemma [44l there exists a doubly connected component A of 
F{G) such that 

Jx< A< J^. (3) 

Let Ci and C2 be two Jordan curves in A such that they are not nuU-homotopic in A, and such 
that Ci < C2- For each i = 1,2, let Ai be the unbounded component of C \ Ci- Moreover, we 
set j3i :— lim2_>.oo(log |z| — (p{Ai,z)), for each i — 1,2. By Lemma 14.81 we have (3i < /32- Let 
5 G G be any element. By ([2]) and ([3|), there exists an m G N such that J{gx,m) < Ci- Since 
P*{G) C K{gx^m), it follows that P*{G) is included in the bounded component of C \ Ci- Hence, 
we see that 

either J{g) < Ci, or C2 < J{g)- (4) 

From Lemma iMl it follows that either dcg7g)-i log I "(g) I < oi' h < dcgtoVi ^og\a{g)\. This 
implies that 

M(vl/(G))cM\(/3i,/32), (5) 

where (/3i,/32) := {x € M. \ f3i < x < ^2}- Moreover, combining ([2]), dSj, and (jH), we get that there 
exists a number no G N such that for each n > no, J{g\,n) < Ci < C2 < J{gs,,n)- From Lemma [4.8) 
it follows that 

. f ~\ 7log|a(5A,«)| </3i </32 ~\ -log|a(g^,„)|, (6) 

deg(gA.n) - 1 deg(54,„) - 1 

for each 71 > no. By ([5]) and we obtain Ba <r B^. 

We now suppose that we have case 2. Then, by Lemma [4.41 there exists a doubly connected 
component A of F{G) such that Jx < A. Continuing the same argument as that of case 1, we 
obtain Bx 7^ B^. In order to show +00 G B^, let R be any number such that P*{G) C D{0,B). 
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Since P*{G) C K{g) for each g G G, combining it with ([2]) and Lemma [4.3[ we see that there 
exists an uq = nQ{R) such that for each n > uq, D{0,R) < J{g^ n)- From Lemma [4.8[ it fohows 
that deg(gg^ )-i ^'^S h(5?,n)l ^ +O0. Hcncc, +00 e B^. Therefore, we have shown Claim 2. 
Combining Claims 1 and 2, the statement of the lemma follows. 

Therefore, we have proved Lemma [4.91 □ 



We now demonstrate Theorem 12. 12l fn 
Proof of Theorem HUMI} From Lemma EM Theorem {TTWU follows. □ 

We now demonstrate Corollarv l2.13l 
Proof of Corollary \2A^ By Theorem O we have J(e(G')) = [jh&e{G} = U56G -^(©(s))' 
where the closure is taken in C. Since J{<d{g)) = {z e C | |z| = \a{g)\~ '^"sig)-! we obtain 

J(e(G))= |J{zeC| |z| = |a(5)r^OT}, (7) 

where the closure is taken in C. Hence, we see that tl(i/e(G)) is equal to the cardinality of the 
set of all connected components of J(9(G)) n [0, +cx)]. Moreover, let ip : [0, +00] — > M be the 
homeomorphism defined by 'ipix) := log(x) for x G (0, +00), ■0(0) —00, and ip{+oo) — +00. 
Theuj^ ^ implies that, the map -0 : [0, 00] -J> R, maps J{&{G))r\[0, +00] onto M (^'(e(G])). For any 
J G je(G)> let ip{J) e A^*(e(G)) = A^*(g) be the element such that ■(/;( Jn [0, +00]) — ip{J). Then, 
the map ip : Jq(g) ~^ ■^*(e(G)) = A^*(g) is a bijection, and moreover, for any Ji, J2 G Jq(g)-, we 
have that Ji < J2 if and only if ip{Ji) <r 0'(>^2)- Furthermore, for any J g Jq(g)-, 00 <E J if and only 
if +00 G V'( J). Let Q : Jg ^ Je{G) be the map defined by 9 = V""^ ° ^, where ^ : Jg ^ ■A^*(g) 
is the map in Lemma 14.91 Then, by Lemma 14. 9[ Q : Jg — > Jq{g) is injective, and moreover, if 

Ji, J2 e Jg and Ji < J2, then e(Ji ) G J e(G), ©(^2) € Je(G), and e(Ji) < ^{Ji). 

Thus, we have proved Corollary 12. 131 □ 

We now demonstrate Theorem l2.14l 
Proof of Theorem I2.14t We have that for any j — l,...,m, (^{hj))~^(x) = jcg(/i ) ~ 

log IojI) = dSik) " dcgfe)-i + dcgfe)-i log ^h'^^e X G R. Hence, it is easy to see 

that lJjli(^(^j))~^(['^>/5]) From the assumption, it follows that 

m 

U(vl/(/.,))-'([a,/3]) = [«,/?]. (8) 
Moreover, by Lemma [531 1^ we have 

m 

\]{^{^{h,)))-\j{^{^{Gm = J{r){^{G))). (9) 
i=i 

Furthermore, by Lemma [4.51 J(r]{^(G))) is a compact subset of M. Applying [SJ Theorem 2.6], it 
follows that J(r\(^(G))) = [a,/3]. Combined with Lemma 1431 we obtain M(^(G)) = [a, ,3]. Hence, 
M(^'(G)) is connected. Therefore, from Theorem 12. 12I IT1 it follows that J(G) is connected. □ 

We now demonstrate Theorem l2.15l 
Proof of Theorem I2.15t Let G be a set of polynomials of degree two such that G generates G. 
Suppose that J(G) is disconnected. Then, by Theorem 12.11 there exist two elements /ii,/i2 G G 
such that the semigroup H — {hi, ^,2) satisfies that J{H) is disconnected. For each j = 1, 2, let Uj 
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be the coefRcient of the highest degree term of polynomial hj. Let a := min j =i.2{ jeg(^"^-)_x log 
and (3 := ™siy^j=i,2{ ^^^(J-^.-^_i log|Qj|}- Then we have that a — niinj^i 2{— log ja^ |} and [3 = 
maxj=i,2{-log|aj|}. Since '^{hjy^{x) = \{x - \og\aj\) = \{x - (-log|aj|)) + (-log|aj|) for 
each j ~ 1,2, we obtain [a,/3] — [S'j=i{^{hj))^^{[oi, P])- Hence, by Theorem 12. 14) it must be true 
that J{H) is connected. However, this is a contradiction. Therefore, J(G) must be connected. □ 

We now demonstrate Theorem l2.16l 
Proof of Theorem I2.16t For each A € A, let 6a be the fixed point of '^{h\) in M. It is easy to 
see that 6a = dcg(^A)-i \ ^'^'^ each A € A. From the assumption, it follows that there exists 
a point 6 G M such that for each A G A, 6a = 6. This implies that for any element g G G, the fixed 
point 6(g) e M of *(g) in R is equal to 6. Hence, we obtain M(5'(G)) = {6}. Therefore, M(*(G)) 
is connected. From Theorem 12. 12l ll] it follows that J(G) is connected. □ 



4.3 Proofs of results in 12.31 

In this section, we prove the results in 12. 3[ Theorem I2.12l l^ and Theorem 12.121 151 

In order to demonstrate Theorem 12.201 Theorem I2.121 l2l and Theorem I2.121 l3l we need the 
following lemma. 

Lemma 4.10. If G e Gdis, then oo e F{G). 

Proof. Suppose that G £ Qdis and oo G J{G). We will deduce a contradiction. By Lemma 14.31 
the element J g Jg with oo G J satisfies that J — {oo}. Hence, by Lemma 14.21 for each n e N, 
there exists an element gn G G such that J{gn) C B{oo, i). Let i? > be any number which is 
sufficiently large so that P*(G) C B{0,R). Since we have that P*(G) C K{g) for each g G G, it 
must hold that there exists a number uq — no{R) E N such that for each n > uq, B{0, R) < J(g„). 
From Lemma 14.81 it follows that lim2_>.oo (log \z\ — ip{Foo{gn), z)) — > +oo as n — )• oo. Hence, we see 
that (ii.g(^g^)_i log |a(gn)| — > +00, as n — >■ oo. This implies that 

1 

|a(g„)| <icE(g„)-i cx), as n — 7> OO. (10) 

Furthermore, by Theorem 12. 121 1T1 we must have that M(vI'(G)) is disconnected. 

We now consider the polynomial semigroup H = {z ^ \a{g)\z'^''s(<)) \ g (z G} e g. By Theo- 
rem [221 we have J{H) — [J^^h Jih)- Since the Julia set of polynomial |a(g)|z'^''s(s) [g equal to 
{z e C I |z| = |a(g)picg(9)-i }^ it follows that 



JiH)^\J{zeC\\z\ = \aig)\-^^^}, (11) 
geG 

where the closure is taken in C. Moreover, J(0(G)) — J{H). Combining it with ([TOl) . ([Tl]) . and 
Corollarv l2.131 we see that 

oo e J{H), and J{H) is disconnected. (12) 
Let ip : [0, +00] — >■ R be the homeomorphism as in the proof of Corollarv l2.13l By (ITTl) . we have 

V'(J(i?) n [0, +00]) = Af(*(i?)) = A/(*(G)). (13) 
Moreover, by Lemma l3.11 fTl we have 



h{F{H) n [0, +00]) C F{H) n [0, +00], for each heH. 



(14) 
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Furthermore, we have that 

ip o 'ii{h) o ip on [0, +00], for each h e H. (15) 

Conibining p^ . p^ . and p3|) . we see that 

5'(/i)(R \ C (M \ Af (*(iJ))), for each /i e iJ. (16) 

By Lemma [4.31 and (|12p . we get that the connected component J of J{H) containmg 00 satisfies 
that 

J = {00}. (17) 
Combined with Lemma l4?2| we see that for each n e N, there exists an element hn £ H such that 

J(/i„) C B(oo,-). (18) 
n 

Combining (fTTj). (fTS]). (fT7|). and (fT8|) . we obtain the following claim. 

Claim 1: +00 is a non-isolated point of Af (\E'(iJ)) and the connected component of M{'^{H)) 
containing +00 is equal to {+00}. 

Let h € H he an element. Conjugating G by some linear transformation, we may assume that 
h is of the form h{z) = z*,s e N, s > 1. Hence ^{h){x) = sx,s > 1. Since is a fixed point of 
^'(/i), we have that £ Af(^'(i7)). By Claim 1, there exists ci,C2 G [0, +00) with ci < C2 such 
that the open interval / = (ci,C2) is a connected component of M \ A/(5'(_ff)). We now show the 
following claim. 

Claim 2: Let Q = (ri,r2) C (0, +cx)) be any connected open interval in R \ M{'i>{H)), where 
< ri < r2 < +00. Then, we have r2 < sri. 

To show this claim, suppose that sri < r2. Then, it implies that UneNu{o} '^W"'{Q) = 
(ri,+cx)). However, by (HH), we have U„eNu{o} *('*)"('9) C R \ M{^{H)), which implies that 
the connected component Q' of R \ M{'i>{H)) containing Q satisfies that Q' D (ri,+oo). This 
contradicts Claim 1. Hence, we obtain Claim 2. 

By Claim 2, we obtain ci > 0. Let C3 S (0, ci) be a number so that C2 — C3 > s(ci — C3). Since 
ci e M{^{H)), there exists an element c S (c3,ci] and an element hi £ H such that ^'(/ii)(c) = c 
and (^(/ii))'(c) > 1. Since C2 — C3 > s(ci — C3), we obtain 

C2 — c > s(ci — c). (19) 

Let t := (*(/ii))'(c) > 1. Then, for each n e N, we have (5'(/ii))"(/) = (t"(ci-c)+c, r(c2-c) + c). 
From Claim 2 and ([T5|) . it follows that t"(c2 — c) + c < s(t"(ci — c) + c), for each n e N. Dividing 
both sides by and then letting n — > 00, we obtain C2 — c < s(ci — c). However, this contradicts 
([TO]) . Hence, we must have that 00 e F{G). Thus, we have proved Lemma 14.101 □ 



We now demonstrate Proposition [2T9l 
Proof of Proposition I2.19t Let [/ be a connected component of F{G) with U H K{G) 7^ 0. 
Let 5 e G be an element. Then we have K{G) n F{G) C intiK{g)). Since h{F{G)) C i^(G) and 
/i(ii:(G) n F(G)) C i^(G) n F(G) for each /i e G, it follows that h{U) C int(i^(5)) for each h £ G. 
Hence ?7 C int(K(G)). From this, it is easy to see k{G) n F{G) = mt{k{G)). By the maximum 
principle, we see that U is simply connected. □ 

We now demonstrate Theorem 12. 201 
Proof of Theorem [27201 

First, we show statement [T] By Lemma [4. 101 we have that 00 £ F{G). Let J G J' be an element 
such that 9Foo(G) n J 7^ 0. Let D be the unbounded component of C \ J. Then Foo(G) C D and 
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D is simply connected. We show i^oo(G) = D. Otherwise, there exists an element J\ ^ J such 
that Ji ^ J and Ji C D. By Theorem 12.71 111 we have either Ji < J or J < Ji. Hence, it follows 
that J < Ji and we have that J is included in a bounded component of C \ Ji. Since F^{G) 
is included in the unbounded component Di of C \ Ji, it contradicts dFac,{G) Ci J ^ 9. Hence, 
^oo(G) = D and i^oo(G) is simply connected. 

Next, let Jmax be the element of J' with dFao{G) C Jmax, and suppose that there exists an 
element J ^ J such that J,„ax < J- Then J,„ax is included in a bounded component of C \ J. On 
the other hand, Foo{G) is included in the unbounded component of C \ J. Since dFao{G) C Jmax, 
we have a contradiction. Hence, we have shown that J < JmnK for each J ^ J . 

Therefore, we have shown statement [T] 

Next, we show statementEl Since ^ P*{G) C K(G), we have k{G) ^ 0. By Proposition [2l9l 
we have dK{G) C J(G). Let Ji be a connected component of J(G) with Ji n dK{G) ^ 0. By 
Lemma [4.3[ Ji G J. Suppose that there exists an element J € J such that J < Ji. Let zq £ J 
be a point. By Theorem 13. 2[ there exists a sequence {gn}neN in G such that d{zo, J{gn)) — ^ as 
n — ^ oo. Then by Lemma 14.11 sup J) — >■ as n — ^ cx). Since Ji is included in the unbounded 

component of C \ J, it follows that for a large n S N, Ji is included in the unbounded component 
of C \ J{gn)- However, this causes a contradiction, since Ji n K{G) ^ 0. Hence, by Theorem 12. 7I IT1 
it must hold that Ji < J for each 3 £ J . This argument shows that if J\ and Ji are two connected 
components of J(G) such that Ji n dK{G) ^ for each i = 1, 2, then Ji — Ji- Hence, we conclude 
that there exists a unique minimal element Jmin in {JT, <) and dK{G) C Jmin- 

Next, let D be the unbounded component of C\ Jmin- Suppose D{^K{G) ^ 0. Let x € D{^K{G) 
be a point. By Theorem 13.21 and Lemma 14.11 there exists a sequence {gn}n£n in G such that 
sup d{z, Jmin) — > as n — > oo. Then, for a large n g N, x is in the unbounded component of 

C \ J{gn)- However, this is a contradiction, since g\-^{x) — > oo as Z — > oo, and x £ K{G). Hence, we 
have shown statement [5] 

Next, we show statement [3] By Theorem 12. 1[ there exist Ai, A2 G A and connected components 
Ji, J2 of J(G) such that Ji ^ J2 and J{h\-) C Ji for each i — 1,2. By Lemma 1431 we have 
Ji £ J for each i = 1,2. Then J{h\^) n J{h\^) = 0. Since P*{G) is bounded in C, we may assume 
J{h\^) < J{hxi). Then we have K{h\^) C u\i{K{h\^)) and J2 < Ji. By statement [U Ji ^ Jmin- 
Hence J{h\^) n Jmin = 0- Since P*{G) is bounded in C, we have that K{h\^) is connected. Let U 
be the connected component of int(Jir(/iA J) containing K^kx^). Since P*{G) C K^hx^), it follows 
that there exists an attracting fixed point zi of hx^ in K{hx2) and f7 is the immediate attracting 
basin for zi with respect to the dynamics of hx^. Furthermore, by Lemma 13.41 h'^l{J{hx2)) is 
connected. Therefore, h^^{U) — U. Hence, int{K{hxi)) = U. 

Suppose that there exists an n G N such that h^"{J{hx2)) ^ ^i^Xi) 7^ 0- Then, by Lemma [3^ 
A := Uj>o h^^'^iJ{h\2)) is connected and its closure A contains J{hx^)- Hence J{hxi) and J^hx^) 
are included in the same connected component of J{G). This is a contradiction. Therefore, for each 
n G N, we have /i^"(J(/iA2))n J(/ia2) = 0- Similarly, for eachn G N, we have J(/iai ))n J(/iai ) = 
0. Combining h^^{J{hx2)) H J{hx2) — with zi G K{hx2), we obtain zi G mt{K{hx2))- Hence, we 
have proved statement [3l 

We now prove statement |4| Let g G G be an element with J{g) D Jmin — 0- We show the 
following: 

Claim 2: Jmin < J{g)- 

To show the claim, suppose that Jmin is included in the unbounded component ?7 of C \ J{g)- 
Since 7^ dK{G) C Jmin, it follows that K{G) H C/ 7^ 0. However, this is a contradiction. Hence, 
we have shown Claim 2. 

Combining Claim 2, Theorem 13.21 and Lemma [4.11 we get that there exists an element hi £ G 
such that J (hi) < J{g). From an argument which we have used in the proof of statement [31 it 
follows that g has an attracting fixed point Zg in C and u\t{K[g)) consists of only one immediate 
attracting basin for Zg. Hence, we have shown statement 21 
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Next, we show statement [5] Suppose that mt{K{G)) = 0. We wih deduce a contradiction. If 
mt{K{G)) = 0, then by Proposition [131 we obtain F{G) n K{G) = 0. By statement O there 
exist two elements 171 and 52 of G and two elements Ji and J2 of such that Ji 7^ J2 , such that 
J{gi) C Ji for each i = 1,2, such that gi has an attracting fixed point zq in mt{K {g2)) , and such that 
K{g2) C int(X(gi)). Since we assume i^(G) n KiG) = we have zq e P*(G) C k{G) C J(G). 
Let J be the connected component of J(G) containing zq. We now show J = {^o}- Suppose 
p > 2. Then J(gi) C U„>o .9r"(-^)- Moreover, by Theorem 5^" J is connected for each 

n e N. Since gi^^{J) n J 7^ for each n e N, we see that Un>o5'r"(^) connected. Combining 
this with Zq e int(i4r(g2)), -?^(ff2) C iiit{K{gi)), zq <E J and J(.9i) C Un>o5r"('^)' we obtain 

Un>o 9i"i'^) ^ ^{92) 0- Then it follows that J{gi) and J(.g2) are included in the same connected 
component of J{G). This is a contradiction. Hence, we have shown J = {zq}. By statement [H we 
obtain {zo} = Jmin = P*{G). Let (^(z) := and let G {^5'/'"^ I .9 G G}. Then G G C?<iis- 

Moreover, since zq G J{G), we have that cx) G J{G). This contradicts Lemma [4.101 Therefore, we 
must have that int(-ft:(G)) ^ 0. 

Since dK{G) C Jmin (statement [5]) and K{G) is bounded, it follows that C\ Jmi„ is disconnected 
and UJmin ^ 2. Hence, jj J > 2 for each J € J = j . Now, let 5 e G be an element with J(5)n Jmin = 

0. we show J,nin 7^ g*{Jmin)- H -/min = g*{Jmin), then g~^{J„u„) C Jmin- SiuCC jJJmin > 3, it foUowS 

that J((7) C Jmin, which is a contradiction. Hence, Jmin 7^ 5*(Jmin), and so Jmin < 5* (Jmin)- 
Combined with Theorem [2J]11 we obtain g-^J{G)) n Jmin = 0- Since giK{G)) C K{G), we 
have 5(int(i^(G))) C int(i:(G)). Suppose g{dk{G)) n dK{G) ^ 0. Then, since dk{G) C Jmin 
(statement [2]), we obtain g(Jmin) n Jmin 7^ 0- This implies g~^(Jmin) n Jmin 7^ 0, which contradicts 
g-i(J(G)) n Jmin = 0- Hence, it must hold g{dk{G)) C int(i4:(G)), and so g{k{G)) C int(if(G)). 
Moreover, since g^^{J{G)) n Jmin = 0, we have that .g(Jmin) is a connected subset of F{G). 
Since dk{G) C Jmin and g{dk{G)) C int(i^(G)), Proposition [2T9] implies that (j'(Jmin) must be 
contained in int(if(G)). 

By statement m g has a unique attracting fixed point Zg in C. Then, Zg E P*{G) C k{G). 
Hence, Zg — g{zg) € g{k{G)) C int(A'(G)). Hence, we have shown statement [5l 

We now show statement[6l Since Foo(G) is simply connected (statement [1]), we have IJ^eyi ^ ^ 
C. Suppose that there exist two distinct elements Ai and A2 in A such that Ai is included in the 
unbounded component of C \ A2 , and such that A2 is included in the unbounded component of 
C\Ai. For each i = 1, 2, let Ji G J' be the element that intersects the bounded component of C\ A^. 
Then, Ji ^ J2. Since {J,<) is totally ordered (Theorem I2.7| [T|). we may assume that Ji < J2. 
Then, it implies that Ai < J2 < A2, which is a contradiction. Hence, (.4, <) is totally ordered. 
Therefore, we have proved statement [6l 

Thus, we have proved Theorem 12.201 □ 

We now demonstrate Theorem l2.22l 
Proof of Theorem [27221 First, we show Theorem [2:22l [T] If G G Gcon, then J(G) is uniformly 
perfect. 

We now suppose that G G Gdis- Let A be an annulus separating J{G). Then A separates Jmin 
and Jmax- Let D be the unbounded component of C\ Jmin and let U be the connected component 
of C \ Jmax containing Jmin- Then it follows that Ac U Ci D. Since jj Jmin > 1 and 00 G F{G) 
(Theorem I2.20p . we get that the doubly connected domain U D D satisfies mod {U D D) < 00. 
Hence, we obtain mod A < mod {U O D) < 00. Therefore, J(G) is uniformly perfect. 

If a point Zq G J(G) is a superattracting fixed point of an element g £ G, then, combining 
uniform perfectness of J(G) and JA^ Theorem 4.1], it follows that zq G int(J(G)). Thus, we have 
shown Theorem [12KT1 

Next, we show Theorem I2.22j [^ li G E G and 00 G J(G), then by Lemma [4.101 we obtain 
G G Gcon- Moreover, Theorem I2.22| [T] implies that 00 G int(J(G)). Therefore, we have shown 
Theorem [222EI 
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We now show Theorem 12 . 22l l3l Suppose that G G Gdis- Let g £ G and let zi S J{G) H C with 
g{zi) = zi and g'{zi) = 0. Then, zi G P*{G) C k{G). By Theorem H^DE we obtain zi e Jmin- 
Moreover, Theorem 12. 22j fT] imphes that zi £ int(J(G)). Combining this and zi £ Jmim we obtain 
zi £ int(J„iin)- By Theorem 12.201 - [5bl we obtain J{g) C Jmin- 

Hence, we have shown Theorem 12.221 □ 

We now demonstrate Theorem 12. 12l l2l 
Proof of Theorem [2Tl2l l2t Suppose G £ Gdis- Then, by Lemma l4TT0l we obtain oo £ F{G). 
Hence, there exists a number R > such that for each g £ G, J{g) < dB{0, R). From Lemma l478l 
it follows that there exists a constant Ci > such that for each g £ G, jcg7g)-i ^"^^ I^^C^)! ^i- 
This implies that there exists a constant C2 G M such that 



Af(*(G)) c [-oo,C2]. (20) 

Moreover, by Theorem 12. 20l l5l we have that mt{K{G)) ^ 0. Let _B be a closed disc in mt{K{G)). 
Then it must hold that for each g £ G, B < J{g). Hence, by Lemma [4.81 there exists a constant 
C3 e K such that for each g £ G, C3 < ^^,^g^_i log |a(.9)|- Therefore, we obtain 

M(*(G)) c [C3, +00]. (21) 

Combining ^ and we obtain M{^{G)) C K. Let C4 be a large number so that M{^{G)) C 
-D(0, G4). Since for each g £ G, the repelling fixed point ~ deg(g)-i of '7(^(5)) belongs to 

D(0,G4)nM, wesee that for each z G C\i?(0, C4), |77('J'(.g))(z)| = |deg(g)(z- ^^-g]^^ log|a(g)|) + 
gj^^ log |a(5)|| > deg(g)C4 - (deg(g) - 1)C4 = G4. It follows that 00 £ FM^{G))). Combining 
this and TheoremIS:!! we obtain M{^{G)) = J(r/(*(G))), if U Jivi^{G)))) > 3- 

Suppose that jl( J(7y(^'(G)))) — 2. Let g G G be an element and let & G M be the unique fixed 
point of *(g) in M. Then, since 00 £ F{r]{^{G))), there exists a point c G ( J(77(*(G))) n C) \ {b}. 
By Lemma Om {r]{^'{g)))-^c) £ J{r]{^{G)))\{b, c}. This contradicts tJ(J(7/(*(G)))) = 2. Hence 
it must hold that tt( J(?7(*(G)))) ^ 2. 

Suppose that ji( J(?7(^'(G)))) = 1. Since Af(*(G)) C M and Af (*(G)) n R C J(?7(*(G))), it 
follows that M(*(G)) = J(77(^'(G))). 

Therefore, we always have that Af(4'(G)) = J(77(^'(G))). Thus, we have proved Theorem 12. 12f 

m □ 



We now demonstrate Theorem 12. 121 151 
Proof of Theorem [2^^1 131 By Theorem [2l2l lT] and Theorem [2l^ the statement holds. □ 

We now demonstrate Proposition 12.231 
Proof of Proposition [2T231 First, we show statement [T] Let g £ Qi. We show the following: 
Claim 1: For any element J3 £ with Ji < J3, we have Ji < g*{J3)- 

To show this claim, let J G J' be an element with J{g) C J. We consider the following two cases; 
Case 1: J < J3, and 
Case 2: Ji < J3 < J. 

Suppose that we have Case 1. Then, Ji < J = g*{J) < g*{'h)- Hence, the statement of Claim 
1 is true. 

Suppose that we have Case 2. If we have g*{Js) < J3, then, we have {g^TiJs) < g*{Jz) < 
J3 < J for each n £N. Hence, inf{d(z, J) \ z £ (?""( J3), n G N} > 0. However, since J{g) C J and 
tJJa > 3, we obtain a contradiction. Hence, we must have J3 < g*{J3), which implies Ji < J3 < 
g*{J3)- Hence, we conclude that Claim 1 holds. 

Now, let Ki := J(G) n ( Ji U Ai). Then, by Claim 1, we obtain g~^{Ki) C Ki, for each 5 G Qi. 
From Lemma IXTM it follows that J (Hi) C i^i. Hence, we have shown statement [1] 
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Next, we show statement [2l Let g € Q2- Then, by the same method as that of the proof of 
Claim 1, we obtain the following. 

Claim 2: For any element J4 G J' with J4 < J2, we have g*{Ji) < J2- 

Now, let K2 ■■= J{G) n (C\ A2). Then, by Claim 2, we obtain g"H^2) C K2, for each g € Q2. 
From Lemma [3. 11 151 it follows that J(i?2) C K2. Hence, we have shown statement 

Next, we show statement |3l By statements [1] and [2l we obtain J{H) C J{Hi) n J{H2) C 

n c (C \ A2) n ( Ji u Ai) c Ji u {Ai \ A2). 

Hence, we have proved Proposition [2231 □ 

We now demonstrate Proposition 12.241 
Proof of Proposition [2T241 Suppose that for any G F, J{h) n Jmax = 0- Then, since jiJmax > 
3 (Theorem I2.20l[5al) . we get that for any ft, e F, /i^^(Jmax) H Jmax = 0- Combining it with 
Theorem [2Jl[3l it follows that for any ft e F, ft"i(J(G')) n Jmax = 0- However, since J(G) = 
Ufter ^~^('^(^)) (Lemma [HUE]), it causes a contradiction. Hence, there must be an element 

ftl e F such that J(fti) C Jmax- 

By the same method as above, we can show that there exists an element ft2 G F such that 

J{h2) C Jmin- □ 



4.4 Proofs of results in 12.4! 

In this section, we prove the results in 12.41 

We now prove Theorem 12.251 
Proof of Theorem I2.25t Combining the assumption and Theorem 12.71 151 we get that for each 
ft G F and each j G {1, . . . , n}, there exists a fc G {1, . . . , n} with h^^{Jj) C Jfe. Hence, 

n n 

^"^(U "^J' fo'" ^^^^ (22) 

Moreover, by Theorem 12. 20|[5al we obtain 

n 

H(|Jj,)>3. (23) 
i=i 

Combining ([211), (gg, and Lemma it follows that J(G) C Uj=i J] - Hence, J(G) = Uj=i Jj- 
Therefore, we have proved Theorem 12.251 □ 

We now prove Proposition 12.261 
Proof of Proposition I2.26t Let n G N with n > 1 and let e be a number with < e < |. For 
each j = 1, . . . ,n, let aj{z) = jz^ and let (3j{z) — i(z — e)^ + e. 

For any large I G N, there exists an open neighborhood U of {0, e} with L/ C {z | |z| < 1} and a 
open neighborhood V of {a{, . . . , ajj, /?(,..., in (Poly)^" such that for each {hi, ... , h2n) & V, 
we have Uj=i C U and IJJli C{hj)r\C C C/, where C{hj) denotes the set of all critical points 

of hj. Then, by Remark 11.31 for each (fti, . . . , ft2„) G V, (fti, . . . , ft2n) G tj. If / is large enough and 
V is so small, then, for each (fti, . . . , ft2„) G V, the set Ij :— J{hj) U J(ftj+„) is connected, for each 
J = 1, . . . , n, and we have: 

{h,)-\i,) n /, 7^ 0, (ft,+„)-i(/j) n ^ 0, (24) 

for each Furthermore, for a closed annulus A = {z | ^ < |z| < n + 1}, if ^ G N is large enough 

and V is so small, then for each (fti,...,ft2„) G V, Ui=i(^j)"^(-4) C mt{A) and {(ftj)"H^) U 
{hj+n)~^ {A)}'j^i are mutually disjoint. Combining it with Lemma [XT1 151 and Lemma [XTI l^ we get 
that for each (fti, . . . , ft2„) G V, J((fti, . . . , ft2n)) C A and { Jj}"=i are mutually disjoint, where Jj 
denotes the connected component of J((fti, . . . , ft2ri)) containing Ij — J{hj) U J{hj+n)- Combining 
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it with p4|l and Theorein l2.25[ it follows that for each {hi, . . . , /i2„) G V, the polynomial semigroup 
G = {hi, . . . , /i2„) satisfies that (KJ/g) = n. □ 

To prove Theorem 12.271 we need the following notation. 
Definition 4.11. 

1. Let X be a metric space. Let hj : X X {j — 1, . . . ,m) he a continuous map. Let G ~ 
{hi, . . . , hrn) be the semigroup generated by {hj}. A non-empty compact subset L of X is said 
to be a backward self-similar set with respect to {hi, . . . , hm} if (a) L = IJJ^i ^J^(^) 
and (b) g^^{z) ^ for each z ^ L and g £ G. For example, if G = {hi, . . . , hm) is a finitely 
generated rational semigroup, then the Julia set J{G) is a backward self-similar set with 
respect to {hi, . . . , /i„,.}. (See Lemma IXTl l^') 

2. We set {1, . . . , m}^. For each x ~ {xi,X2, ■ ■ ■ ,) & Sm, we set Lx := Plili ^^xi ' ' ' ^x^{L) (t^ 

0)- 

3. For a finite word w — {wi, . . . ,Wk) G {1 . . . ,m]^ , we set h^ :~ h^^. o • • • o hyj-^. 

4. Under the notation of [151 page 110-page 115], for any fc e N, let 17^ — ilk{L, {hi, . . . , km}) 
be the graph (one-dimensional simplicial complex) whose vertex set is {!,..., m,}'' and 
that satisfies that mutually different w^,w'^ € {1, . . . ,m}'' makes a 1-simplex if and only 
if Clj^i h~]{L) 7^ 0. Let ipk '■ ^k+i — > be the simplicial map defined by: {wi, . . . , Wk+i) >-> 
{wi,...,Wk) for each {wi, . . . ,Wk+i) G {1, . . . , m}''+^ Then {ipk : ^k+i ^kjken makes 
an inverse system of simplicial maps. Let \V.k\ be the realization ([TS]) of ilk- As in [T5], we 
embed the vertex set {1, . . . , m}™ into 

5. Let C(|rife)|) be the set of all connected components of the realization \ilk\ of flk- Let {{(fik)* '■ 
C{\flk+i\) C{\Qk\)}keN be the inverse system induced by {ipkjk- 

Notation: We fix an m G N. We set W* := UfcLi{l; ■ • • > i^V (disjoint union) and VV := W* U 
(disjoint union). For an element x G W, we set \x\ = k it x £ {l,...,m}'^, and = oo if 
X G Sm. (This is called the word length of x.) For any a; G VV and any j G N with j < |a;|, we set 
x\j := (xi, . . . ,Xj) G {1, . . .,171}^. For any x'^ = {x\, . . . ,Xp) e W* and any x'^ = {xl,xl, . . .) G VV, 
we set x^x^ :— (xj, . . . , xj,, x\,x\, . . .) G VV. 

To prove Theorem 12.271 we need the following lemmas. 

Lemma 4.12. Let L be a backward self-similar set with respect to {hi, . . . , hm}- Then, for each 
fc G N, the map \ipk\ '■ \flk+i\ — ^ \^k\ induced from ipk '■ ^k+i ~^ ^k is surjective. In particular, 
{ifik)* ■ C{\ilk+i\) C(|r2fe|) is surjective. 

Proof. Let x^, G {1, . . . , m}*^ and suppose that {x^, x^} makes a 1-simplex in flk- Then h~i{L)r] 
h'^2{L) 7^ 0. Since L = IJJli ^J^W, there exist xl^-^ and x^_^_-^ in {1, ... , m} such that h~ih~i {L)n 

h^2h^2 {L) 7^ 0. Hence, {x^xJ, , , , x^x| , , } makes a 1-simplex in ilfc+i- Hence the lemma holds. □ 

Lemma 4.13. Let m > 2 and let L be a backward self-similar set with respect to {hi, . . . ,hm}- 
Suppose that for each j with j =/= 1, hi^{L) O hJ^{L) ~ 0. For each k, let Ck G C(|f2fc|) be the 
element containing (1,...,1) G {1,..., m}*^. Then, we have the following. 

1. For each A: G N, Ck = {(1, . . . , 1)}. 

2. For each A: G N, m{\^k\)) < mPk+i\))- 



3. L has infinitely many connected components. 
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4. Letx := (1,1,1,...) e cLud let G ^rn, ^6 QTi tlcTueTit With X ^ x' . ThtTi, for any y G Lx 
and y' G L^', there exists no connected component A of L such that y € A and y' € A. 

Proof. We show statement [1] by induction on k. We have Ci — {1}. Suppose Cfc = {(1, . . . , 1)}. Let 
ui e {1, . . . , m}'^+^ n Ck+i be any element. Since {(pk)*{Ck+i) — Ck, we have (pk{w) = (1, . . . , 1) G 
{1,...,™}'=. Hence, w\k = (1,...,1) e {1, . . . , m}*^. Since h^\L) n hj\L) = for each j ^ 1, 
we obtain w = (1, . . . , 1) e {1, . . . , m}'^+^. Hence, the induction is completed. Therefore, we have 
shown statement [T] 

Since both (1, ... 1, 1) e {1, ... , m}''+^ and (1, . . . , 1, 2) € {1, . . . , to}''+^ are mapped to (1, . . . , 1) e 
{1, . . . , m}'^ under ipk, by statement [1] and Lemma [4.121 we obtain statement [2] For each fc e N, 
we have 

L= U U '^^'(^)- (25) 

cec(|f2fc|) u)e{i,...,m}'=nc 

Hence, by statement [21 we conclude that L has infinitely many connected components. 

We now show statement IH Let ko :— min{Z e N | 7^ 1}. Then, by (^5]) and statement [1] we 
get that there exist compact sets Bi and B2 in L such that Bi D B2 = 0, BiU B2 — L, C 
{h\°)-'^{L) C Bi, and L^' C h~} ■ ■ ■ h~} (L) C B2. Hence, statement H holds. □ 

1 kQ 

We now demonstrate Theorem l2.27l 

Proof of Theorem [27271 By Theorem [2J0l[T] or Remark [231 we have J ^ J. Let Ji G be the 

element containing J{hm)- By Theorem 12.11 we must have Jo ^ Ji. Then, by Theorem 12. 7I [T1 we 

have the following two possibilities. 

Case 1. Jq < Ji. 

Case 2. Ji < Jo- 
Suppose we have case 1. Then, by Proposition 12.241 we have that Jo = Jmin and Ji = Jmax- 

Combining it with the assumption and Theorem 12. 7l [3l we obtain 

m— 1 

U h-\j„,,^) c Jmin. (26) 

By ^ and Theorem [27l[3l we get 

m — 1 

y hj\j{G)) C Jnin. (27) 

i=i 

Moreover, since J{hm) H Jmin = 0, Theorem 12 . 20115 bl implies that 

/i-l(J(G))n Jmin = 0. (28) 

Then, by (gT]) and (HH]), we get 

h-\J{G))n(^\J^h-\j{G))^ =0. (29) 

We now consider the backward self-similar set J(G) with respect to {hi, . . . , hm}. By Lemma [XT1 [^ 
we have 

J(G) = y {J{G)U. (30) 

By Theoremd^OEland Theorem [0]l[5bl we obtain ( J(G))m=e = J(/i™), where m°° = (m, m, . . .) e 
S„i. Combining this with (|29p . Lemma [4.13i and (|30l) . we obtain 

Jmax = {J{G))m°° — J {hm) ■ (31) 
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Furthermore, by p9|) and Lemma [4. 131 we get 

> Ho. (32) 

Let X — {xi, X2, ■ ■ ■) € Sm be any element with x ^ m°° and let I :— min{s € N | 7^ m}. Then, 
by (P7)) . we have 

00 

(J(G)), ^f]K^--- Kj{J{G)) c {h'^,^)'\j^,^). (33) 
i=i 

Combining ([50)1 with (pij) and ([M]) . we obtain 

J(G) = J,naxU U /l-"(Jmi„). (34) 

neNU{0} 

By ([32]) and ([Ml), we get KJ) = Ho- Moreover, combining jSl]), ([Ml), Theorem [2;20]|1 and The- 
orem [5201113 we get that for each J £ J with J 7^ Jmax, there exists no sequence {CjjjgN of 
mutually distinct elements of such that min^gc". d{z, J) — ^ as j — > 00. Hence, all statements 
of Theorem 12 . 2 71 are true, provided that we have case 1. 

We now assume case 2: Ji < Jq- Then, by Proposition 12.241 we have that Jq = Jmax and 
Ji = Jmin. Since J{hj) C Jo for each j — 1, ... ,m — 1, and since Jq ^ Jmin, Theorem I2.20ll5bl 
implies that for each j = 1, ... ,m — 1, hj{J{h„i)) C vai{K{hm)). Hence, for each j = 1, . . . ,m, 
hjlK{h^)) C K{hm)- Therefore, mt{K{h„r)) C F{G). Thus, we obtain (J(G')),„oo = J(/i,„). 
Combining this with the same method as that of case 1, we obtain 

Jmin = (J(G))™oo = J{hm). (35) 

J(G)=JminU y /i™"(Jmax), (36) 
neNU{0} 

and 

UJ) = Ho- (37) 

Moreover, by (|55l) and we get that for each J ^ J with J 7^ Jmin, there exists no sequence 
{CjljgN of mutually distinct elements of such that min^gc'. d{z^ J) — > as j — > 00. Hence, we 
have shown Theorem 12.271 □ 



Wc now demonstrate Proposition 12.281 
Proof of Proposition I2.28t Let < e < ^ and let ai{z) :— 2^,02(2:) := (2 — e)^ + e, and 
(33(2) := ^2^. If we take a large I £ N, then there exists an open neighborhood U of {0, e} with 
U C {|2| < 1} and a neighborhood V of {a\,a2,a^3) in (Poly)*^ such that for each (/ii, /12, /13) & V, 
we have Uj=i ^ji^) C U and JJ^^^ C{hj) DC C U, where C{hj) denotes the set of all critical 
points of hj. Then, by Remark [L3l for each {hi, ft,2, ^13) G V, {hi, ft,2, /13) G G. Moreover, if we take 
an I large enough and V so small, then for each {hi, ft.2, ^3) € V, we have that: 

1. J{hi) < J{h^); 

2. J{hi) U J(/i2) is connected; 

3. h-\j{h3)) n (J(/ii) U J(/i2)) ^ 0, for each i = 1, 2; 

4. UjLi V^^) C ^, where A = {2 e C | i < |2| < 3}; and 



5. h-\A)n{[jUK'iA))^9. 
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Combining statements |4] and [5] above, Lemma l3.H l6l and Lemma l3.H l2l we get that for each 
{hi, h2,h^) £ V, J{{hi,h2, /13)) C A and J((/ii, /12, /is)) is disconnected. Hence, for each (ft-i, /12, h^) & 
V, we have (/ii, /i2, /13) G Gdis- Combining it with statements [D and [3] above and Theorem 12. 27[ it 
folfows that J(/ii)U J(/i2) C Jo for some Jq € ^{hiMM)^ h~^{J{h3))r]Jo 7^ for each j = 1,2, and 
^i'Jihi.hsM)) — ^0, for each {hi,h2,hz) S V. Since J{hi) < J{h^), Theorem 12.271 imphes that the 
connected component Jq should be equal to Jmin{.{hi, /12, h^)), and that Jmax((/ii; /i2: ^3)) = J{h^)- 
Thus, we have proved Proposition l2.28l □ 

We now show Proposition 12.291 
Proof of Proposition [2T291 In fact, we show the following claim: 

Claim: There exists a polynomial semigroup G = {hi, h2, h^) in Q such that all of the following 
hold. 

2. Jmin 3 J {hi) U J(/i2) and there exists a superattracting fixed point zq of hi with zq e 

int(Jmin)- 

3. Jmax = J {hs)- 

4. There exists a sequence {%}jeN of positive integers such that j = { Jmin} U { J, | j G N}, 
where Jj denotes the element of with /13 (Jmin) C Jj. 

5. For any J £ J with J 7^ Jmax, there exists no sequence {C'jjjgN of mutually distinct elements 
of J such that min^gCj ^,{^1 J) — > as j — > cxi. 

6. G is sub-hyperbolic: i.e., %{P{G) n J(G)) < 00 and P{G) n F(G') is compact. 

To show the claim, let 51(2;) be the second iterate of z — 1. Let §2 be a polynomial such that 
"^(52) — {z I |z| — 1} and 52(— 1) = —1- Then, we have T) = 3 G C \ K{gi). Take a large, 

positive integer mi, and let a := 5™^ (V^l)- Then, 

J{{gT\g2))^{z\\z\<a). (38) 
Furthermore, since a > 5 + -3^7 we have 

(5r)-H{^lkl<«})c{z||z|<a}. (39) 

Let 33 be a polynomial such that J(53) = {z | \z\ — a}. Since —1 is a superattracting fixed point 
of and it belongs to J{g2), by |TH Theorem 4.1], we see that for any to G N, 

-lGint(J((gr,52")))- (40) 
Since J(g2) n 'mt{K{g'^^)) ^ and J{g2) n Foo{g'T^) ^ 0, we can take an TO2 G N such that 

^9Tr\{z I \z\ = a}) n J((5r,52"^)) ^ (41) 

and 

(5r)-H{^lkl<«})c{z||z|<a}. (42) 

Take a small r > such that 

for each j = 1,2,3, gj{{z \ \z\ < r}) C {z \ \z\ < r}. (43) 

Take an TO3 such that 

{9rr\{z I - r}) n {(j{g;')-H{z l \z\ < «})) = (44) 
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and 

gP(-l)e{z\\z\<r}. (45) 
Let K ■.= {z\r<\z\< a}. Then, by ([39]), (gS]), (03]) and we have 

2 

C i^, for J = 1,2,3, and (ffr)"'(^) n ((JCg^O^'W) = 0- (46) 

Let /ij := 5™% for each j = 1, 2, 3, and let G = {hi, h2, h^)- Then, by pS)) and Lemma [3.11 151 we 
obtam: 

2 

J(G) C K and /13 ^(J(G)) n (|J h-\j{G))) = 0. (47) 

Combining it with Lemma I3.H E1 it fohows that J(G) is disconnected. Furthermore, combining 
(PI) and (gSj), we see G e C?, P(G) n J(G) = {-1}, and that P(G) n i^(G) is compact. By 
Proposition 12. 24[ there exists a j e {1,2,3} with J(/ij) C J,„in- Since J(G) C -ftT C {z | jz] < a} 
and J(h-i) = {z \ \z\ = a}, we have 

J(/l3) C Jmax. (48) 

Hence, either J{hi) C Jmin or J(/i2) C Jmin- Since J{hi) U J(/i2) is connected, it fohows that 

J(/ll)U J(/l2) C Jmin- (49) 

Combining this with Theorem 12. 7l l3l we have /i~^(Jmin) C Jmin, for each j = 1, 2. Hence, 

J((/^l,/l2)) C Jmin- (50) 

Since € J(/i2) and hi{^/^) = a e J(^3), we obtain 

'^r'(^(/i3))n Jmin^0. (51) 

Similarly, by and dSHj), we obtain 

/l^l(J(/l3))n Jmin^0- (52) 

Combining gll), IH]), ([52]), and Theorem ESU we obtain tJ(j') = Ho, Jmax = J(/i3), J(G) = 
Jmax U Un6Nu{o} " (-^min) , and that for any J £ J with J 7^ Jmax, there exists no sequence 
{GjljgN of mutually distinct elements of j such that miuxgc^ d{z, J) — > as j ^ 00. 

Moreover, by pOl) and (|50l) (or by Theorem 12.221 151) . the superattracting fixed point —1 of ft-i 
belongs to int(Jmin)- 

Hence, we have shown the claim. 

Therefore, we have proved Proposition 12.291 □ 



4.5 Proofs of results in 12.51 

In this section, we prove the results in section 12.51 

We now demonstrate Proposition 12.331 
Proof of Proposition I2.33t Since F \ Fmin is not compact, there exists a sequence {/ij}jeN 
in F \ Fmin and an element hoo G Pmin such that hj — >■ hrx, as j — > 00. By Theorem I2.20j|5bl 
for each j G N, hj{K{hoo)) is included in a connected component Uj of int(_Rr(G)). Let 21 € 
int(Ji'(G)) (c int(i^(/ioo))) be a point. Then, /loo(zi) £ int(Jir(G)) and hj{zi) hoo{zi) as 
j — >■ 00. Hence, we may assume that there exists a connected component U of int(Jir(G)) such that 
for each j e N, hj{K(hoo)) C U. Therefore, Kihao) = hoo{K{hoo)) C U. Since U C K{hoo), we 
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obtain K{hoo) = U. Since U C mt{K{hoo)) C U and U is connected, it follows that mt{K{hoo)) is 
connected. Moreover, we have U C mt{K{hoo)) C mt{U) C int(i^(G)). Thus, 

mt{K{h^)) - C/. (53) 

Furthermore, since 

J{hoo) < J{hj) for each j £ N, (54) 
and hj — hao as j — cx), we obtain 

J(/ij) — >• J{hao) as j — 7> oo, (55) 

with respect to the Hausdorff metric. Combining that hj G F \ Fmin for each :/ G N with Theo- 
rem l2.20l Hl ((5il) . and ([31]), we see that for each h G Fmin, K{h) = K{h^). Combining it with 
(|55|) . ([5^ and ([55]) . it follows that statement [T] in Proposition 12.331 holds. To prove statement [21 
let h G Fmin- Aplying the Riemann-Hurwitz formula to h : v[A{K{h)) — > int(iir(/i)), we obtain that 
each finite critical point of h belongs to u\i{K{h)). If h is hyperbolic, then by using quasiconformal 
surgery ([3]), we can see that statement [2a| holds. If h is not hyperbolic, then statement I2bl holds. 

Thus we have proved Proposition 12.331 □ 

To demonstrate Theorem 12. 36[ we need the following. 

Lemma 4.14. Let G he a polynomial semigroup generated by a non-empty compact set F in 
Polydcg>2- Suppose that G G Qdis- Then, we have if (Gmin,r) = K{G). 

Proof. Since Gmin.r C G, we have K{G) C i^(Gmin,r)- Moreover, it is easy to see if(Gmin,r) = 
ngeG„i„,r ^(d)- Let g G Gmin,r and h e T \ Fmin- For each a G Fmin, we have a"^(Jmin(G)) C 
JminiG). Since tJ(Jmin(G)) > 3 (Theorem [220ll5al), Lemma EUi] implies that J{g) C Jmin(G). 
Hence, from Theorem 12 . 20j|5bl it follows that 

h{J{g)) C int(i'(G)) C mt{K{g)). (56) 

Since J{g) is connected and each connected component of mt(K{g)) is simply connected, the 
above ([56]) implies that h{K{g)) C K{g). Hence, we obtain /i(if(Gmin,r)) = ^{C\geG,^i^r -^(-9)) 
ngeG„i„ r -^(ff) ^ -^(Gmin,r). Combined with that a(if(Gminx)) C -ftr(Gmin,r) for each a G Fmin, 
it follows that for each /3 G G, /3(i^(Gmin,r)) C if(Gmin,r)- Therefore, we obtain if(Gmin,r) C 
k{G). Thus, it follows that i'(Gmin,r) = K{G). □ 

Definition 4.15. Let G be a rational semigroup and N a positive integer. We denote by SHn{G) 
the set of points z G C satisfying that there exists a positive number S such that for each g £ G, 
deg{g : V — > B{z,6)) < N, for each connected component V of g^^{B{z,6)). Moreover, we set 
UH{G):^C\\JNeNSHN{G). 

Lemma 4.16. Let G be a polynomial semigroup generated by a compact subset F o/Polydog>2- 
Suppose that G G Gdis o,nd that F\ Fmin is not compact. Moreover, suppose that (a) in Proposi- 
tion \2.3Sii ^ holds. Then, there exists an open neighborhood U of Fmin in T and an open set U in 
int(i^:(G)) withUd int(X(G)) such that: 

2- [JheuCV*^^)^^, and 

3. denoting by H the polynomial semigroup generated byU, we have that P*{H) C int(_R'(G)) C 
F{H) and that H is hyperbolic. 
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Proof. Let ho € Fmin be an element. Let £ := {ip{z) = az + b \ a,b G C, \a\ = 1, ^(J(/io)) = >^(^o)}- 

Then, by [5], £" is compact in Poly. Moreover, by [5], we have the following two claims: 

Claim 1: If J(/io) is a round circle with the center Bq and radius r, then £ = {i^{z) = 0(2: — 6o) + 6o | 

\a\=r}. 

Claim 2: If J{ho) is not a round circle, then jjf < 00. 

Let zo be the unique attracting fixed point of ho in C. Let g £ Gmin,r- By [2], for each 
n G N, there exists a.n ipn & £ such that hgg = ipngho- Hence, for each n e N, hQg{zo) = 
V'n.g/io (-^o) = i-'ng{zo)- Combining it with Claim 1 and Claim 2, it follows that there exists an 
n e N such that ho{g{zo)) = zq. For this n, g{zo) = %k:^'^{h'^{g{zo))) = i^Vi^izo) G Uv.g£ V'l^^o)- 
Combining it with Claim 1 and Claim 2 again, we sec that the set C := [JgeG r''-^'^'^'')-'' 
a compact subset of int(i^(G)). Let dn be the hyperbolic distance on int(i^(G)). Let R > 
be a large number such that setting U := {z Cz mt{K(G)) \ miuagc djj (z, a) < R}, we have 
U/ier CV*{h) C U. Then, for each h e Fmin, h{U) C U. Therefore, there exists an open 
neighborhood U of Fmin in F such that U/iew '*(^) *- ^^'^ ^'^^'^^ U/j.ew C*) *- 

be the polynomial semigroup generated by U. From the above argument, we obtain P*{H) = 

\J,<,HCV*{g) C {j,^Hv{i<i}9{{}HeuCV*{h)) C U,gHu|/.>g(t^) ^'U ^ int{K{G)) C F{H). 
Hence, H is hyperbolic. Thus, we have proved Lemma 14.161 □ 

We now demonstrate Theorem l2.36l 
Proof of Theorem 12. 36t Suppose that Gmin.r is semi-hyperbolic. We will consider the following 
two cases: 

Case 1: F \ Fmi„ is compact. 
Case 2: F \ Fmin is not compact. 

Suppose that we have Case 1. Since UH{Gniin,r) ^ ^(Gmin.r), Gmin.r G G, and Gmin.r is semi- 
hyperbolic, we obtain ;7i7(Gmin,r)nC C F(Gmin,r)nii:(GminT) =int(ii:(Gmin,r))- By Lemma liHl 
we have -fi'(Gmin.r) — K{G). Hence, we obtain 

C/ff (Gmin,r) n C c int(i^(G)) c C \ Jmi„(G). (57) 

Therefore, there exists a positive integer N and a positive number S such that for each z e Jmin(G) 
and each h G Gmin.r, we have 

deg{h:V ^ D{z,d)) < N, (58) 

for each connected component V of h~^{D{z, S)). Moreover, combining Theorem 12 .20ll5bl and The- 
orem l2.20l l2l we obtain Uaer\r„i„ Q;~^( Jmin(G)) nP* (G) = 0. Hence, there exists a number Si such 
that for each z e Uaer\r„i„ (^^^{Jmin{G)) and each /3 e GU {Id}, 

degiP:W^D{z,di))^l, (59) 

for each connected component W of l3^^{D{z,Si)). For this ^i, there exists a number 62 > such 
that for each z G Jmin(G) and each a g F \ Fmin, 

diam B <Si, deg(a : B D{z, 62)) < max{deg(a) | a e F \ Fmi„} (60) 

for each connected component B of a~^{D{z, 62))- Furthermore, by [27l Lemma 1.10] (or [28]), we 
have that there exists a constant < c < 1 such that for each z £ Jmin(G), each h G Gmin.r U {Id}, 
and each connected component V of h^^{D{z, c6)), 

diam V < 62. (61) 

Let g d G he any element. 

Suppose that g e Gmin.r- Then, by (|58l) . for each z e Jmin(G), we have deg(g : V — > D{z, cS)) < 
N, for each connected component V of g^^{D{z, c6)). 
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Suppose that g is of the form g ~ h o a o g^^ where h G G„iin,r U {Id}, a <E F \ Fmin, and 
go e GU{Id}. Then, combining ((SS]), (EHl), and (HH), we get that for each z G Jmin(G), deg{g : W -)■ 
D{z, cSj) < N ■ max{deg(a) | a G F \ Fmin}, for each connected component W of g~^{D{z, cS)). 

From the above argument, we see that Jmin(G) C SHni{G), where N' := • max{deg(Q!) | a G 
r\Fmin}- Moreover, by Theorem [^T^Oll^ we see that for any point z G J(G)\ JminCG), z G SHi{G). 
Hence, we have shown that J(G) C C \ UH{G). Therefore, G is semi-hyperbohc, provided that we 
have Case 1. 

We now suppose that we have Case 2. Then, by Proposition 12.331 we have that for each 
h G Fmin, K{h) ~ K{G) and irA,{K{h)) is non-empty and connected. Moreover, for each h G 
Fmin, mi{K{h)) is an immediate basin of an attracting fixed point z^ G C. Let lA be the open 
neighborhood of F^in in F as in Lemma 14.161 Denoting by H the polynomial semigroup generated 
by we have P*{H) C int(isr(G)). Therefore, there exists a number 6 > such that 

D{J{G), S) cC\ P{H). (62) 

Moreover, combining Theorem l2.2 OllSbl and that r\U is compact, we see that there exists a number 

e > such that 

y a-i(£'(Jmi„(G),e))Cv4o, (63) 

aer\u 

where Aq denotes the unbounded component of C \ Jmin(G). Combining it with Theorem I2.20l l^ 
it follows that there exists a number > such that 

dI y a-i(7?(J,„i„(G),e)), ,5i I CC\ P(G). (64) 

For this 6i, there exists a number 82 > such that for each a G r\U and each x G £'(Jmin(G), e), 

diam B <Si, deg(a : B D{x, 62)) < max{deg(/3) \P gT\U} (65) 

for each connected component B of a~^{D{x, 62))- By Lemma [3761 and (|62p . there exists a constant 
c > such that for each h G H and each z G Jmin(G), 

diam V < min{(52, e}, (66) 

for each connected component V of h~^{D{z, c5)). Let z G Jmin(G) and g G G. We will show that 
zgC\UH{G). 

Suppose that g G H. Then, (|62|l implies that for each connected component V oi g^^{D{z, c6)), 
deg(g :V ->■ D{z,cS)) = 1. 

Suppose that g is of the form g = ft, o a o go, where h G H U {Id}, a G T \ U,go G GU {Id}. 
Let be a connected component of g^^{D{z,cS)) and let Wi :— go{W) and V :— a{Wi). Let 
zi be the point such that {zi} = V (1 h-^{{z}). If zi G C \ !?( Jmi„(G), e), then, by ^ and 
Theorem [I^SE V C D{zi,e) C C \ P{G). Hence, deg(a o g^ : W V) = I, which implies that 
deg(5 : W D{z,cS)) = 1. If zj G D{J^in{G), e), then by dM]), V C D{zi,62). Combining it with 
dMl) and dM]), we obtain deg(a o go : W ^ V) = deg(a : Wi ^ V) < max{deg(/3) \ (3 Gr\U}. 
Therefore, deg(5 : W D{z,c5)) < max{deg(^) \P Gr\U}. Thus, J,„i„(G) (lC\UH{G). 

Moreover, Theorem [2232] implies that J(G) \ J,„i„(G) C C \ P(G) C C \ UH{G). Therefore, 
J(G) C C \ UH{G), which implies that G is semi-hypcrbolic. 

Thus, we have proved Theorem 12.361 □ 

We now demonstrate Theorem 12. 371 
Proof of Theorem I2.37t We use the same argument as that in the proof of Theorem I2.36[ but 
we modify it as follows: 
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1. In (EZl), we replace [/F(G,„in,r) n C by P*{Gmins)- 

2. In dUl), we replace N by 1. 

3. We replace §^ by the following diam B < Si, dcg(a : B D{z, 62)) = 1. 

4. We replace jeS]) by the following ((651)' diam B < 61, deg(a : B D{x,62)) = 1. (We take 
the number e > so small.) 

With these modifications, it is easy to see that G is hyperbolic. 

Thus, we have proved Theorem 12.371 □ 
We now prove Proposition 12.391 

Proof of Proposition [27391 Combining Lemma [4.161 and Theorems 12.361 [2.371 it is easy to 

see that Proposition 12.391 holds. 

4.6 Proofs of results in 12.61 

In this section, we prove the results in 12.61 

Wc now demonstrate Proposition 12.401 
Proof of Proposition 12.401 Conjugating G by z i-> z + 5, we may assume that 6 = 0. For each 
/i e F, we set Uh ■= a{h) and dh := deg(/i). Let r > be a number such that D(0, r) C int(i^(G)). 

Let /i € F and let a > be a number. Since d> 2 and {d,dh) 7^ (2,2), it is easy to see that 



i7^)^>^{lkl^i)^)^'^ if and only if 



^ d{d- l)dh , 1 |a,i| 1 

< d + d.^dj '""^ ' - 4 ~ ~ ^''^ 

We set 

Let < c < Co be a small number and let a G C be a number with < |a| < c. Let ga{z) — az'^. 
Then, we obtain K{ga) = {z e C | |z| < {^)^) and g-^{{z G C | |z| = r}) = {z e C | 

\z\ = (|^)^}. Let Da := D{{),2{^)t^). Since h{z) = ahz'^''{l + o(l)) (z 00) uniformly on 
F, it follows that if c is small enough, then for any a e C with < |a| < c and for any /i G F, 

h-^{Da) C |z G C I |z| < 2 (|^(|^)^) I • This implies that for each e F, 

h-\Da)(Zg-\{zeC\\z\<r}). (69) 
Moreover, if c is small enough, then for any a e C with < |a| < c and any h e F, 



K{G) c g-\{z e C I |z| < r}), /i(C \ Da) C C \ i^a- (70) 

Let a e C with < \a\ < c. By ([5^ and (fTU]) . there exists a compact neighborhood V of 5^ in 
Polydcg>2, such that 

k{G) U y h-^Da) C int I fl g-\{z G C | |z| < r}) j , and (71) 
her \gev I 



y h(t\Da)Clt\Da, (72) 
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which imphes that 

mt{k{G))UiC\Da)ciF{Hry), (73) 

where Hry denotes the polynomial semigroup generated by the family F U K 
By (|7ip . we obtain that for any non-empty subset V' of V, 

k{G)=k(Hr,v>), (74) 

where Hry denotes the polynomial semigroup generated by the family T U V' . If the compact 
neighborhood V of ga is so small, then 

[jCV*{g)ciintikiG)). (75) 

Since P*{G) C K{G), combining it with ([71]) and (1751) . we get that for any non-empty subset V 
of V, P*{Hry') C k{Hr,v'). Therefore, for any non-empty subset V of V, Hry € G- 

We now show that for any non-empty subset V' of V, J{Hry) is disconnected and (ruF')min C 
r. Let 

U I int( fl g-\{z eC\\z\< r}))\ \ \J h-^D,). 
\ gev ) her 

Then, for any /i S F, 

h{U)^t\Da. (76) 

Moreover, for any g eV, g{U) C int(i^(G')). Combining it with dTS]), and Lemma OH it 

follows that U C F{HYy). If the neighborhood V of ga is so small, then there exists an annulus 
A in U such that for any g E V, A separates J{g) and U/ier {J id)) ■ Hence, it follows that for 
any non-empty subset V' of the polynomial semigroup Hry generated by the family T U V 
satisfies that J {Hry) is disconnected and (F U V')uiin C F. 

We now suppose that in addition to the assumption, G is semi-hyperbolic. Let V' be any 
non-empty subset of V. Since (F U V)min C F, Theorem 12.361 implies that the above Hry is 
semi- hyperbolic . 

We now suppose that in addition to the assumption, G is hyperbolic. Let V' be any non-empty 
subset of V. By and ([75]), we have 



\J^CV*{g)(lmt{k{H^yy)). (77) 
geruV^ 

Since (FUT^')inin C F, combining it with (|77|) and Theorem l2.37l we obtain that Hpy is hyperbolic. 
Thus, we have proved Proposition 12.401 □ 

We now demonstrate Theorem l2.43l 
Proof of Theorem I2.43t First, we show [1] Let r > be a number such that D{bj,2r) C 
mt{K{hi)) for each j — 1, . . . ,m. If we take c > so small, then for each (02, . . . ,a„i) e C™^^ 
such that < \aj\ < c for each j — 2, . . . ,m, setting hj{z) ~ aj{z — hjY^ + bj (j = 2, . . . , m), we 
have 

hj{K{h^)) ^ D{b„r) (Zini{K{hi)) {j^2,...,m). (78) 

Hence, K{hi) = k{G), where G = (/ii, . . . , Moreover, by dZH]), we have P*{G) C K{hi). 
Hence, G £ G- 

If (hi) is semi-hyperbolic, then using the same method as that of Case 1 in the proof of 
Theorem 12.361 we obtain that G is semi- hyperbolic. 

We now suppose that (hi) is hyperbohc. By we hav e IJ^ .^ CV*{hj) C mt{k{G)). Com- 
bining it with the same method as that in the proof of Theorem l2.371 we obtain that G is hyperbolic. 
Hence, we have proved statement [H 
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We now show statement [2l Suppose we have case (i). We may assume c?,„ > 3. Then, by 
statement [H there exists an element a > such that setting hj{z) = a{z — hjY^ + hj {j = 
2, . . . , m — 1), Go = {hi, . . . , hm~i) satisfies that Gq € Q and K{Go) — K{hi) and if {hi) is semi- 
hyperbohc (resp. hyperbohc), then Gq is semi-hyperbohc (resp. hyperbohc). Combining it with 
Proposition l2.401 it follows that there exists an > such that setting 2;) = am{z—bm)'^'^+bm, 
G = {hi, ... , hra) satisfies that G G Qdia and K{G) = K{Gq) = K{hi) and if Gq is semi- hyperbolic 
(resp. hyperbolic), then G is semi- hyperbolic (resp. hyperbolic). 

Suppose now we have case (ii) . Then by Proposition I2.40[ there exists an 02 > such that 
setting hj{z) = 02(2; — 6j)^ + 6 j [j = 2, . . . ,m), G = {hi, . . . , hm) ~ (/ii, /12) satisfies that G G Qdis 
and K{G) — K{hi) and if {hi) is semi-hyperbolic (resp. hyperbolic), then G is semi-hyperbolic 
(resp. hyperbolic). 

Thus, we have proved Theorem 12.431 □ 

We now demonstrate Theorem l2.45l 
Proof of Theorem [27451 Statements [2] and [3] follow from Theorem EH 

We now show statement [TJ By ^31, Theorem 2.4.1], T-Lm and T-Lm n are open. 

We now show that 'Hm H Bm is open. In order to do that, let {hi, . . . , hm) & H Bm- Let 
e > such that D{P*{{hi, hm)), 3e) C F{{hi, h„,)). By W, Theorem 1.35], there exists 
an n e N such that for each (?i, . . . , i„) e {1, . . . , to}", 

h,^---h,,{D{P*{{hi,...,hm)), 2e))(lD{P*i{hi,...,hrn)), e/2). 

Hence, there exists a neighborhood U of {hi, . . . , hm) in (Polydcg>2)™ such that for each {gi, . . . , gm) G 
U and each {ii, . . . , i„) e {1, . . . , to}", 

g,^---g,,{D{P*{{hi,...,hm)), 2e))cD{P*i{hi,...,hm)), e). 

If [/ is small, then for each {gi,...,gm)G U, [j"liCV*{gj) C D{P* {{hi, . . . ,hm)), e). Hence, ifU 
is small enough, then for each {gi, . . . ,gm) € U, P*{{gi, . . . ,gm)) C D{P*{{hi, . . . , hm)),^)- Hence, 
for each {gi,. .. ,gm) e C/, (51, . . . ,gm) e Q- Therefore, Um n Bm is open. 
Thus, statement [T] holds. 

Thus, we have proved Theorem 12.451 □ 
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